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Abstract. Cherednik's quantum afHne Knizhnik-Zamolodchikov equations 
associated to an affine Hecke algebra module M form a holonomic system 
of g-difference equations acting on Af-valued functions on a complex torus T. 
In this paper the quantum affine Knizhnik-Zamolodchikov equations are re- 
lated to the Cherednik-Macdonald theory when M is induced from a character 
of a standard parabolic subalgebra of the afHne Hecke algebra. We set up 
correspondences between solutions of the quantum affine KZ equations and, 
on the one hand, solutions to the spectral problem of the Cherednik-Dunkl q- 
difference reflection operators (generalizing work of Kasatani and Takeyama) 
and, on the other hand, solutions to the spectral problem of the Cherednik- 
Macdonald g-difference operators (generalizing work of Cherednik). The cor- 
respondences are applicable to all relevant spaces of functions on T and for all 
parameter values, including the cases that q and/or the Hecke algebra param- 
eters are roots of unity. 



Contents 

1. Introduction 1 

2. The classes of affine Hecke algebra modules _3 

3. Double affine Hecke algebras and quantum affine KZ equations 

4. Spectral problem of the Cherednik-Dunkl operators 

5. Cherednik-Matsuo type correspondences 
References 



1. Introduction 

This is the first part of a sequel of papers reporting on the analysis of Cherednik's 
[H |4] quantum affine Knizhnik-Zamolodchikov (KZ) equations and their applica- 
tions to quantum harmonic analysis and integrable systems. 

Cherednik's [2j |4] quantum affine KZ equations associated to an affine Hecke al- 
gebra module M form a holonomic system of first order g-difference equations (an 
integrable g-connection) acting on Af-valued functions on a complex torus T; typi- 
cally meromorphic or Laurent polynomial solutions are considered. For < |g| < 1 
and for M a principal series module (i.e. obtained from inducing a character of the 
minimal standard parabolic subalgebra of the affine Hecke algebra), Cherednik [4] 
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studied a correspondence between meromorphic solutions of the associated quan- 
tum affine KZ equations on the one hand, and common meromorphic eigenfunctions 
of the Cherednik-Macdonald (/-difference operators on the other hand. One of the 
objectives of the present paper is to determine exphcit conditions on the induction 
data of the principal series module to ensure the bijectivity of this correspondence. 

In addition we generalize and refine Cherednik's correspondence, allowing mod- 
ules M that are induced from a character of a standard parabolic subalgebra of 
the affine Hecke algebra, allowing arbitrary classes of functions on T, and allow- 
ing all values of the quantum parameter q and of the Hecke algebra parameters 
k (including roots of unity). The main properties of this generalized and refined 
correspondence are stated in Theorem 15. 161 

The classical analogue of Cherednik's correspondence is due to Matsuo [25] and 
Cherednik 3^ . It was pursued further by Opdam [28j and by Cherednik and Ma . 
A substantial part of the present work is inspired by Opdam's [351 §3] approach 
to the classical correspondence, in which Cherednik's trigonometric analogues of 
Dunkl's differential-refiection operators naturally come into play. In the present 
quantum setup, Opdam's approach suggests a natural intermediate stage of the 
correspondence in which solutions of quantum affine KZ equations are related to 
common eigenfunctions of the Cherednik-Dunkl commuting g-difference reflection 
operators. Such a correspondence has indeed recently been established for root 
system of type A by Kasatani and Takeyama [17]. We extend these results to 
arbitrary root systems in Theorem 14.91 

For (7=1, for root system of type A, and for M induced from a character a 
maximal standard parabolic subalgebra, the (/-connection matrices of the quantum 
KZ equations are interpolants of the transfer matrix of an inhomogeneous spin 
chain. It leads to the possibility to construct particular eigenstates for XXZ spin 
chains from solutions of quantum affine KZ equations. In the case that the Hecke 
algebra parameter is a third root of unity this approach is explored extensively in 
the context of the Razumov-Stroganov conjectures (see, e.g., [3 H [30 l fTS ] [TT l 116 ] ). 
The correspondences investigated in the present paper, in case that the underlying 
root system is of classical type, are expected to be useful in the analysis of recent 
generalizations [13l[T4] of the Razumov-Stroganov conjectures. 

Part II of the present paper will be devoted to the interplay between quantum 
affine KZ equations and quantum harmonic analysis. The crucial starting point 
will be the fact that for < [(/j < 1, asymptotically free solutions of the quan- 
tum KZ equations can be constructed which map, under the correspondence, to 
(/-analogues of the Harish-Chandra series (see [27l[26]). The results in the present 
paper then lead to explicit conditions on the spectral parameters to ensure that 
the (/-analogues of the Harish-Chandra series become a basis of the meromorphic 
solution space of the spectral problem of the Cherednik-Macdonald g-difference op- 
erators. Combined with the recent results of Cherednik [5] on g-analogues of the 
Harish-Chandra c-function, this will accumulate in the derivation of an explicit ex- 
pansion of Cherednik's ^ quantum spherical function in terms of the (/-analogues 
of the Harish-Chandra series (generalizing Harish-Chandra's c-function expansion 
of the spherical function). 
Conventions 

Lots of results come in two forms: a "-f "-version, related to symmetric theory, and 
a "—"-version, related to antisymmetric theory. We formulate both versions at the 
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same time, labeling the objects by ±. An equality like ±a = =F& should thus be 
read as a = —5 and —a = 6; it will always be clear from context which of the two 
equalities should be seen as the +-version and which as the — version. 
Acknowledgments 
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2. The classes of affine Hecke algebra modules 

In this section we recall the definition of the affine Hecke algebra. In addition, we 
discuss the afhne Hecke algebra modules obtained by inducing a suitable character 
of a standard parabolic subalgebra. 

2.1. Weyl groups and parabolic subgroups. Let Rq C Vo be a finite, crys- 
tallographic, reduced, irreducible root system in an Euclidean space (Vq, (•, •)) of 
dimension n. We normalize the roots in such a way that long roots have squared 
length 2. The Weyl group of Rq is denoted by Wq. We fix a basis Aq — {ai , . . . , a„} 
of Rq once and for all. Let R^, ip, {si}2^i, wq be the associated positive/negative 
roots, longest root, simple reflections and longest Weyl group element, respectively. 
The length of a Weyl group element w € Wq is l{w) := #{Rq n w~^Rq). The 
associated Bruhat ordering on Wq is denoted by <. 

Unless specified explicitly otherwise, / will always stand for a fixed subset of 
{1, . . . , n}. We write Wqj for the subgroup of Wq generated by the simple reflections 
Si [i e /). Then i?g — i?o Hspan^laijig/ is a root system in Vq,/ := with 
Weyl group isomorphic to Wqj. Furthermore, {ai]i^i is a basis of i?,g. We write 
i?Q'^ for the associated set of positive and negative roots, respectively. The length 
function on Wq./ coincides with the restriction of the length function I to Wqj. 

Set 

W^ ■.={w e Wq I l{ws.,) > l{w) yi e /} 

^{w e Wq I w;(i?o'+) C R+}. 

It is a complete set of representatives of the coset space Wq/Wqj. Furthermore, 

l(uv) — l{u) + l{v), Vw e Wf^, Vt) e Wqj. 

The elements of Wq are called the minimal coset representatives of Wq /Wqj. When 
decomposing an element w € Wq as a product of a minimal coset representative 
and an element of Wqj, we use the notation 

W — WW {w g Wq , W & Wqj) 

(although w and w depends on the choice of /, we suppress this from the notations). 
We will frequently make use of the following elementary lemma (see [lOl Lemma 
2.1]). 

Lemma 2.1. Fix 1 < i < n. Define 

A^{we W^ I lis.w) = l{w) - 1}, 

Bi = {w e Wl I l{s,w) = l{w) + 1 & SiW e }, 
Ci^{we VFq 1 Ks^w) = liw) + 1 k s^w^ W^}. 
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Then 

(i) = AiU Bi U Ci (disjoint union). 

(ii) The map w H> SiW defines an involution of Ai U Bi. It maps Ai onto Bi. 
(ii) For w ^ Ci there exists a unique iw € I such that SiW = wsi„ • In particular, 
'SiW — w. 

We record here a technical lemma, which we will be needing at a later stage. 

Lemma 2.2. Suppose w £ Wq and w ^ Bi for all 1 < i < n. Then w — Wq. 

Proof. Suppose to the contrary that w ^ wq. Then wwq ^ wg, hence there exists 
an i G {1, . . . , n} such that 

(2.1) lisiwwo) = l{wwo) + 1 = l{w) + l{wo) + 1. 

If SiW G Wq then it follows from (|2.ip that l{siw) — l{w) + 1, contradicting the 
fact that w ^ Bi. If SiW ^ Wq then w G Ci, hence SiW = wsi^ with i^, G /. 
Consequently 

l{SiWWo) = l{wSt,^Wo) = l{w) + /(si^wo) = l{w) + l{wo) - 1, 
which contradicts p.ip . □ 

2.2. Afflne root systems and afflne Weyl groups. We recall in this subsection 
some facts on twisted affine root systems. We stick as much as possible to the 
treatment in [23l Chpt. 1& 2]. 

Identify V := Rc © Vb with the real vector space of affine linear, real valued 
functionals on Vq by interpreting rc + v as the functional v' r + {v,v'). Let D : 
F — > Vb be the projection onto Vq along the direct sum decomposition V = RcQVb- 
We extend the scalar product (•, •) to a symmetric bilinear form on V by requiring 
D to be form preserving. The correponding semi-norm on V is denoted by || • ||. 
We write = 2a/\\a\\^ for a vector a gV satisfying ||a|| ^ 0. 

The twisted affine root system associated to Rq is the set 

i? {a^ I a G Zc + Rq} C V. 

Let C 0{V) (with 0{V) the group of invertible linear endomorphisms of V 
preserving the symmetric bilinear form (•,•)) be the subgroup generated by the 
involutions 

Sa : V 1-^ V — {a,v)a'^ , v €V 

for all a G i?. It is called the affine Weyl group of R. 

The affine Weyl group admits two important alternative descriptions, namely 
as the semidirect product group Wq « associated to the (Wg-invariant) coroot 
lattice = span^ja^ | a G Rq} of Vq, and as a Coxeter group. Concretely, denote 
by r : Vb — i- 0{V) the semi-norm preserving action of Vq on V given by 

r(w)(rc + v') = (r — (v, v'))c + v' 

for v,v' G Vb and r G M. Then 'wt{v)w^^ = t{wv) for w G Wq and v G Vq. 
Furthermore, Sa = SaT{ra^) for a = {rc + aY (r G Z, a G Rq) and Wq x ~ VF" 
by {w, A) I— > wt{X). It follows from this description of W"" that R is VF"-invariant. 
In fact, R is invariant under the action of the extended affine Weyl group 

W := {wr(A)}^6H'o,A6-P^ ~ Wq k P^, 
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where := {A e Vb | (A,a) e Z Va £ Q} is the coweight lattice of Rq in Vq. We 
write {zu^}f^i C for the fundamental coweights with respect to the ordered 
basis Aq of Rq (they are characterized by {w^ ,aj) = Sij for all 1 < j <n). 

Observe that the affine Weyl group VF" is a normal subgroup of W with finite 
abelian quotient group W/W^ ~ P"^ /Q^ . 

We recall now the presentation of as a Coxeter group. An ordered basis A 
of the twisted affine root system R^ is given by 

(2.2) {ao,ai,...,a„} := {c - (p^, a^, . . . , a^} 

(recall that, by our convention that long roots in _Ro have squared length 2, we 
have ip^ = (f). Let R^ be the associated sets of positive/negative roots. The 
corresponding simple refiections are denoted by S := {sj := Saj}"^Q (since for 
1 < i < n, Si\vo ^ ^0 is the simple refiection associated to the basis element 
tti € Rq as defined in the previous subsection, there is no conflict in notation). 
Note that sq = SipT{—ip'^). Then {W"", S) is a Coxeter group with associated set of 
simple reflections S. The defining relations of in terms of S are 

SiS-iSi ■ ■ ■ — s-jSiSj • ■ • (mi-i terms on both sides), 

(2.3) , 

5- = 1 

for < i, j < n with, for the flrst identity, the additional requirements that i ^ j 
and that SiSj € has flnite order m^ . 

The length l{w) of w G W with respect to the choice A of positive roots of R is 
defined by 

(2.4) l{w) -.^ #{R+ r\w~^R'), wew. 

Its restriction to Wq coincides with the length function of Wq as considered in the 
previous subsection. The subset :— {w £ W \ l{'w) = 0} is a subgroup of W, 
isomorphic to /Q'^ , and ~ k W"' . In fact, Vt permutes the simple roots of R. 
Hence an element a; e f2 gives rise to a permutation of the index set {0, . . . , n} of 
the simple reflections of i?, which we again denote by w. Consequently uj{ai) = aj^(i) 
and ujSiUi~^ = s^i^i-^ for < ? < n and w €E fi. 

2.3. The afRne Hecke algebra. The results on the affine Hecke algebra which 
we recall in this section to fix notations, are well known. We match the notations 
to [23l Chpt. 4] as much as possible. 

A multiplicity function on i? is a map fc : i? — ^ := C\{0}, denoted by a i-^- fca 
(a e i?), which satisfies kyji^a) ~ for all w and a E R. From now on, k will 
always stand for a multiplicity function on R. We write kj := kaj for < j < n. 
We emphasize that we are not assuming kj to be generic, in particular, it may be 
a root of unity. 

Note that ka = koai hence it is uniquely determined by its restriction k\i^v to 
a multiplicity function of the underlying finite root system i?g. In particular, the 
value ka only depends on the seminorm ||a|| of a G R, hence k takes on at most two 
different values. 

The affine Hecke algebra H°'{k) is the unital, complex associative algebra gener- 
ated by Ti {0 < i < n) with defining relations 

TiTjTi ■ ■ ■ = TjTiTj ■ ■ ■ (mil terms on both sides), 

f2 5) 

^ ■ ' (T, -fc,)(T, + fcri) = o 
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for < j < n with, for the first identity, the additional requirements that i =/: j 
and that SiSj G W" has finite order rriij. 

Let w G W"" and fix a reduced expression w = Si-^Si^ ■ ■ ■ Si^^^^ (0 < ij < n). Then 
:= Ti^Ti^ ■ ■ -Tijj^j G H{k) is weh defined (it is by definition the unit of H{k) if 
w = e\s the identity element of W). The {w S W"") form a C-linear basis of 
H{k). The subalgebra HQ{k) of H°-{k) generated by (1 < i < n) is called the 
finite Hecke algebra. The {w G Wq) form a C-linear basis of Ho{k). 

The finite abelian subgroup O of acts by algebra automorphisms on H°-{k) 
by uj{Tj) = T^(j) for all < j < n (w G Vl). The extended aflane Hecke algebra is 
the corresponding smashed product algebra H{k) := H"-{k)^^. Recall that, as a 
complex vector space, H{k) ~ H°-{k) ®c C[f2] with C[f2] the complex group algebra 
of ft. The algebra structure of H{k) is then characterized by {h (gi u)){h' (S> u)') = 
huj{h') (g) ujLo' for h, h' G and w, w' G ri. 

A reduced expression of an extended affine Weyl group element w G W is an 
expression of w of the form w = Si-^Si^ ■ ■ ■ Si^^^^^^uj for some < ij < n and for some 
w G ri. Then := Ti^Ti^ ■ ■ - T^^^^ (g) w G H{k) is well defined, it reduces to the 
previous definition of Tyj in case w G W°-, and {Tw}wew is a C-linear basis of H{k). 

Consider the complex torus 

(2.6) T:=Homz(P^,C><) 

of group homomorphisms ^ C^. We write t-*" G C^ (t G T, A G P^) for the 
evaluation of t at A. For z G C^ and a & Q with Q cVq the root lattice of i?o, we 
write z" G T for the group homomorphism 9 A z^-^'"). 

The Weyl group Wq acts on P^, By transposition, it also acts on T. Note that 
for a G -Ro and t G T, 

(2.7) s„i = z"< with = t""'' G C". 

Let C[T] be the algebra of regular functions on T. We write e'^ (A G P^) for 
the canonical C-basis of C[T], where stands for the regular function T B t t^. 
Note that C[T] is isomorphic to the group algebra C[P^] of the coweight lattice 
pv. 

The action of Wo on C[T], contragredient to the Wo-action on T, satisfies 
w{e'^) :— e^^ for w G Wo and A G P^. It is an action by algebra automorphisms 
on C[T], hence it extends uniquely to an action by field automorphisms on the 
quotient field C(T) of C[T]. In addition, by transposition of the Wo-action on T, 
the finite Weyl group Wq acts on the algebra 0{T) of analytic functions on T (re- 
spectively the field M{T) of meromorphic functions on T) by algebra (respectively 
field) automorphisms. It results in the following inclusion of Wo-module algebras, 

c[r] c c(r) c o{T) c M{T). 

For all G i?^ define c^v G C(T) by 

(2.8) 4v(i):=^^^. 

We furthermore write — c^v for 1 < i < n. 

Let P^ = {A G P^ I (A, a) G Z>o} be the cone of dominant coweights and set 

:= T,(;,) G H{k). 
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Then 9 A M> 1^'^ G H{k)^ is a morphism of semigroups. It has a unique 
extension to a group homomorphism H{k)^, also denoted by A i— > 

(A G P^). Denote by Ay the commutative subalgebra of H{k) generated by the 
(A e P""). The following theor em is due to Bernstein and Zelevinsky (for a 
proof, see [20] or ^5]). 

Theorem 2.3. (i) The surjective algebra map C[T] — !■ Ay mapping to Y^ for 
A G P^, is an isomorphism. We write f{Y) for the element in Ay corresponding 
to f £ C[r] under this isomorphism. 

(ii) For all f G C[T] and I < i < n, 

(2.9) /(y)r, = r.(sj)(y) + (c,'^(y-i) - kM^JW) - f{Y)), 

where {c^{Y^^) — ki){{sif){Y) — f{Y)) is the element of Ay corresponding, under 
the isomorphism of (i), to the regular function {c^{t~^) — ki){{sif){t) — f{t)) in 
t G T. 

(iii) The multiplication map defines an isomorphism Ay ®c Ho{k) — > H{k) of 
vector spaces. 

(iv) The cross relations (|2.9I) characterize the algebraic structure of H{k) in terms 
of the algebras Ay and Ho{k). 

Recall that / is a fixed subset of {1, . . . , n}. Write Hi{k) for the unital subalgebra 
of H{k) generated by Ay and the Ti {i G /). The subalgebra Hoj{k) generated by 
the Ti {i G /) has as complex linear basis {Tm}u,eWo,i- Then Hj{k) ~ CY[r] (g)c 
Hoj{k) as vector spaces (by the multiplication map). Theorem 12.31 holds true for 
Hj{k) with the role of Ho{k) replaced by Hoj{k). We call Hoj{k) and Hi{k) 
standard parabohc subalgebras of Ho{k) and H{k), respectively. Note that Ho{k) 
(respectively H{k)) is a free right Hqj {k)-modu\e (respectively fl"/(fc)-module) with 
basis {Tw}tu^w/, ■ 

We write Hf{k) for the unital complex subalgebra of H"'{k) generated by 
(A G Q^) and Ti {i G /). The following technical lemma will be convenient at a 
later stage. 

Lemma 2.4. The standard parabolic algebra Hf{k) is algebraically generated by Ti 
(iel) and yi'^^'Cv^) g w^), where is a complete set of representatives of 
the coset space Wo/Wqj. 

Proof. It is clear that T[f{k) is algebraically generated by Ti (i G /) and Y^^ ^'^ ^ 
[w G W^o). 

For a G Po we write (T(a) = 1 if a G Rq and cr(a) = — 1 if a G Rq . Then 

(2.10) r"'"(^') = r-ip;('^"'^)r,^„ 

and 

(2.11) T^s. = r„Tf 

in H^ik) for all u; G Wq and i G {l,...,n}, see [H (3.3.6)] and [H (3.1.7)]. 

Let i I and w G Wq. If a{w^^ip) ^ a{siW~^(p) then w~^ip = or = —cui, 
hence 
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li a{w ^(p)=a{siW ^ip) then 

rp-<y{wai)YW^^ (ip'^)rp<y{s^wai) 

This shows that the y±"'"'(¥''') with w G W^, together with the {i e /), already 
form algebraic generators of Hf{k). □ 

2.4. The afRne Hecke algebra modules. We have two characters (algebra maps) 
e'l : H{k) ^ C, characterized by e|(Tj) = ±kf^ {0 < j < n) and e|(T^) = 1 
(w G fi). The character (respectively e^i) is called the trivial (respectively Stein- 
berg) character of H{k). From e.g. [23l §2.4], 

(2.12) 4(Tr(A))= n (±^"^)^^''"^ ^^^+- 

Set 

(2.13) Si Yl {±k^.f"eT, 

i.e. it is the element of T = Homz(P^,C^) mapping the coweight A e to 
n„g^+(±A:av)'^^^'"^ Then it follows from ((2T2)) that 

(2.14) e^(/(y)) = /(4), /eC[T]. 

More generally, we will consider ff(A;)-modules induced from characters of a stan- 
dard parabolic subalgebra Hj (k) . The characters will be parametrized by elements 
of 

(2.15) t/^ {7 e T I = /c^ V2 e /}. 

Note that Sj. G r'[i*„]j where [1, n] := {1, . . . , n} and k^^ is the multiplicity function 
Observe that 

(2.16) w^ = j H kj" (7 e w e W^o,/), 
hence in particular 

(2.17) woi = ph (7 e r|-) 

where 

(2.18) pj:= n fcav"eT. 



Lemma 2.5. Let j e Tf . 

(i) There exists a unique character x!^'^'^ : Hi{k) — s- C satisfying x'^'^'^ {f{Y)) 
fi-f) and x'^'^^'iTi) = ±kf^ for f G C[T] and i G /. 

(ii) r/ie te/S H(k) -module 

has complex linear basis 
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Proof. It suffices to show that x^'^'^ preserves the cross relation p.9p for / G C[r] 
and i G I. The cross relation is expUcitly given by 

(2.19) /(y)r, ^ T.{s,f)iY) + (fcri - k.) (^IflZK^ll^^ . 

Fix i e / and / e C[T]. If kf = 1 then (j2A9)l reduces to /(r)r, = T,(sJ)(r), 
which is indeed respected by x^'^'^ since 5^7 = 7 for 7 G by (|2.16l) . If kf ^ 1, 
then (|2.19p is respected by x^' ""^'^ since 7"'' = fc^''^^ for 7 £ T^'*^ and 

±k" 



V(7)-±fcfV(^.7) + (fcr^^fc.)( ^^7i,4^"^ ) 



□ 



The modules M^{'^) := M'^'^'''(7) (7 e T) are called the principal series modules 
of H{k). We write ^^(7) := i'^'^'®(7) (w G Wq) for the corresponding standard 
basis elements. 

Example 2.6. In view of ^M), M'='±'[i'"l ((5|) is the one- dimensional H[k)- 
module characterized by the algebra map e^. : H{k) — C. 

By Lemma [2.1[ the action of the finite Hecke algebra Ho{k) on the standard 
basis {w^'=^'-^(7)}^e< of M''^^^^{-f) is given by 

r ih - K'K^^'Hl) + v^lt/h): if ^« e A,, 
(2.20) r.i;^'±'^(7) = <^ <'±'^(7), if ^« e S„ 

[±fc±i«^'±^^(7), ifu^eQ. 

Furthermore, /(F)w^=^'-^(7) = /(7)w^=^'-^(7) for all / e C[T]. 

2.5. Intertwiners. By a well known result of Bernstein, the center Z{H{k)) of the 
affine Hecke algebra equals y^^^" (the subalgebra of H{k) consisting of elements 

f{Y) with / e C[r]^«). 

Let M be a finite dimensional left H{k)-modu\e and 7 £ T. We write 
M^°^ := {m e M \ f{Y)m = f{j)m V/ G C[T]'^''}, 
which is a i/(fc)-submodule of A/. We furthermore write 

{m e A/ | /(r)m = /(7)m V / £ C[T]}. 

Definition 2.7. Lei Af 6e a finite dimensional left H{k)-module. 

(i) A/ is said to have central character IVo7 e T/IVq i/^^ = M>^o7, 

(ii) We saj/ that M is calibrated if M — ^'^i- 

Note that the iJ(fc)-module Af''''='='^(7) (7 e Tj^^) has central character W07. 

We now determine the conditions on 7 G Tj ^ that ensure that Af '^'='='^(7) is 
calibrated using the intertwiners of iJ(fc). In the following theorem we collect the 
definitions and the basic properties of the intertwiners (cf., e.g., |241I18) . §2.2]). 

Theorem 2.8. For 1 < i < n set 

I,{k) T,(l - y"»") + {h ~ fcri)r"" G H(k). 
There exists unique elements Iw{k) G H{k) (w G Wq) satisfying 
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if w = Si-^Si^ ■ • ■ Si^ e Wq is a reduced expression (1 < ij < n). Furthermore, 

for 1 <i <n and in H{k), 

lUk)f{Y) = {wf){Y)I^{k) {w eWo,fe C[T]). 
Using p.9p . we have the alternative expression 

(2.21) I,{k) ^ {l~Y-"'^)Ti + kr^ - hi, l<i<n 
for the intertwiners of the afRne Hecke algebra H{k). 
Corollary 2.9. For w G Wq we have 

lUk)I^-^{k) ^ dUY)iwd^~i)iY) 
in H{k), with dw G C[r] given by 

dUt)= n (fcav-fc-jr"). 

For 7 G Tj^^ and w G we set 

(2.22) 6t'^-^(7) UkH^^^' {^) G M'='±'^(7).^. 

Remark 2.10. If w G Wq \ and 7 G Tj=*' then Iiu{k)v^'^^' (j) = 0. To prove 
this it suffices to note that Ii{k)v'^''^''^ (■-f) = for i £ I, which is immediate from 
the definition of Ii{k) and the fact that 7"^ = fc,^^. 

Lemma 2.11. Let 7 G Tj*\ For w G Wq we have 

bt;^'\l) = { n (l-7"^))^'^'^'^(7)+ E «^-^^''(7) 

ae(i?.([\-Ro'+)nu)-iflo ueW^:u<w 

for some G C. 

Proof. By induction on Z(w) we have for w G VFq, 

in i/(A:), for some /„ G C[T]. Thus, for w G W((, 

^t'^''(7) = ( n (l-7"'))«^'^''(7)+ E /"(7)r„«e'^'^(7). 

bmce w 

(Ro^) ^ Rq for w G M^o^, the product over a is in fact a product over the 
set {R.Q \ i?o'^) n w^-^(i?,g ). Furthermore, if u G Wq, w G and u < w, then 
u < u = < w and 

T„«,^'±'^(7) = T^T^v':-^-'i^) = 6^(T„)4^±^^(7). 
This completes the proof. □ 

Proposition 2.12. 1/7 G Tf*' satisfies 7"" ^ 1 /or a G \ Rq^ , then 
(i) W7 = w'7 /or w, w' G Wq if and only if w = w' . 
(ii) M'''^'^{j) is calibrated. 
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(iii) M'='±^^(7) = ©^ewj ^'^'''^'^(7)«.7 and Dimc(Af fc'±■^(7)^.7) = 1 /o^ 

(iv) M'^^±'-f(7),^^ = 'Cb^;^^'\-i) for all w e . 
Proof, (i) The fixpoint subgroup 

Wo,-y {weWa \w-f = 7} 

of 7 is generated by the reflections Sa {a E Rq) it contains (see [U)- For a £ 
we have Sq, e M^o,7 if and only if 7" =1. By the assumption that 7" 7^ 1 for 
a G Rq\Rq''^, we conclude that Sa e Wo, 7 (a G i?^) implies that a G Ro'~^ ■ Hence 
Wo. J C Wo. I- The result now follows immediately. 

(ii) follows from (iii). 

(iii) &(iv) The previous lemma shows that b^^'^{j) G M'^'^'^ {j)^^ is nonzero for 
all w e VKq . By a dimension count and (i) we get M''''^'-'{j) — 0^giy/ Al'^''^'-' {j)^^ 
and M''''^'\j)^-y = C6^^±^-f(7) for ah w e □ 

Lemma 2.13. Let 7 e Tf*' swc/i i/iai 7"" ^ 1 for all a e R^ \ i?o'+. Let 
1 < i < n. If w €z Ai then 

(2.23) \ ^ ' 



(1 - 7«'-i("i)^) 

If w E Bi then 



6:'"'^(7)- 



(2.24) r.6:i^±^^(7) = (^_^j-.(.,v) fe^:^'^(7) + ^-^''(^)- 

//u; G a t/ien r,6^>±>^(7) = ±fc±i6jl,>±>^(7). 

Proof. If w G Ai then l{siw) = l{w) — 1 hence w~^(ai) G Ro . Furthermore, 
w^^{ai) ^ -Rq'^ since w G VFq. Consequently 7'" ^"'^ ^1, hence ()2.23p makes 
sense. 

Similarly, if w G i?i then w^^{ai) G R^ since l{siw) = l{w) + 1 and w^^{ai) ^ 
Rq'^ since G W^ . Consequently 7*^ 7^ 1, and (|2.24p makes sense. 

By Theorem 12.81 we have for w G Wq , 

(1 - 7"'"("'^')r.6^^±^^(7) = m )/^(fc)^;^±'^(7) 

(2.25) ^ 

= {h{k)I^{k) + (fcri - A;,)r"' /^(fc))z;^±'^(7). 

If w G A, then h{k)I^{k) = h{kfls^n,{k) = d,^{Y){sds,){Y)Is,n,{k) and ([1231) 
follows from p.25p . Theorem lOl and the fact that SiW G Wo- li w e Bi then 
Ii{k)Iw{k) = Isiw{k) and s^w G VFq, hence p.24p follows from ()2.25p . It remains 
to show that T-b'^^'^in) = ^kf^bw^''{l) '^^ w <^ Ci. 

Fix w G Ci. Then w~^{ai) — for a unique G I (cf. Lemma 12.11) . In 
particular, ^"'"'("0'' = ^"."^ ^ fc±2 ^ fc±2_ 

Since l{siw) — l{w) + 1 it follows from (|2.25p that 
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Hence, using 7"'"'("-)'' = kf^, IsMk) ^ Iw{k)Ii^{k) and Ij{k)v^^'^'\-/) = for 

Consequently T^b'^^^'i'y) = ±kf^b^^^'\-i) if kj ^ 1. 

It remains to consider the case that w ^ Ci and that kf = 1. Then f{Y)Ti — 
Tris^f)iY) in H{k) for all / e C[r] by (l^jg)) and s,,„7 = 7 since 7 G T^'=''\ hence 

for all / e C[T]. This shows that T,b^^''{-f) = cfb'^'^'\-/) for some cf G C. Note 
that 

hence by Lemma r2.11[ 

for some e C and with A^, := ]\aeR+\Rl-+ nw-^R-i'^ ~ ^""^ ^ ^- ^'^^ " ^ ^0 
with u < w. Since w G Ci, hence ^ VFq, we have sTw ^ w. Furthermore, 
Tiv^'^'' e spanc{i;^±'^(7),^^^''(7)} by UM- Hence 

for some a^^ G C. On the other hand, 

T,b':^^^'i^) = cfbt;^-'i^) 

Comparing the coefficient of ^^^'^'^(7) in these two expressions of Tib^ij;^'-' {'j), we 
conclude that cf = ±kf \ Hence T^b'^^^'i'y) = ±kf^b^^^' {-1) for w G C,. □ 

2.6. (Anti)spherical vectors. 

Definition 2.14. Let M be a left H{k)-module. We call 

:^ {m e M \ hm = e'l{h)m V/i G i?o(fc)} 

the space of spherical (+), respectively antispherical (—), elements in M. 

We also write for M^^^ for the space of vectors m £ M satisfying km = ej_{h)m 
for all h G Hoj{k), so that A/± = Define 

(2.26) J2 ^±{T^')T^u e Hoik) 

and write C±(fc) = Cl{k). 

Lemma 2.15. Let M be a left H{k)-module. Then the action of Cj.{k) on M^'^ 
defines a linear map 

Ci{k) : M''^ M^. 
Proof. This follows by a direct computation using Lemma 12.11 and (|2.20p . □ 
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Remark 2.16. If M is a left i7(fc)-modulc and m G M^'^ then 
with 

(2.27) Pj{k):^ J2 ^+(^»)' 

the Poincare polynomial (see [22]) of Wo,/. 

Of special interest for the present paper is the case that M = M'^'^'^ {■^) with 
7 G \ Then we have Wg'^'^(7) G M'^'='='^(7)^'^, hence we obtain a spherical 
(+), respectively antispherical (— ), vector 

■.^Ci{k)v1'^''{^) 

(2-28) = ^ e^±(T.)«^.±.^(7) G M^'^'\^t . 

Clearly 1^^*'-^ ^ 0. 

Lemma 2.17. For all 7 G r]=*' w;e have M''-^-^{j)^ = Cl'^-^-^ . 

Proof. Let m G M'^^='=^^(7)^ and write m — '^^^y^' o-wv'^'^'^ {j) with a^, G C 

(w G Wq). Then a^, = ±/c^^as.«, for w G in view of Lemma [2.11 and p.20p . 
Let w — Sij^Si2 ■ ■ ■ Sj,, G Wq be a reduced expression. Then Si^Si^^^ ■ ■ ■ Si^ G Ai^ for 
^ < j Consequently a^, = aee^(T-uj) for all w G Wq . Thus to = Oel^'^'^. □ 

Recall from Proposition 12.121 that {feJl,'''^'^(7)}u,eH'|{ ^ complex linear basis of 
^jfc,±,/(^) if 7 G T]=*' satisfies 7"" 7^ 1 for aU a e \ Rq'^ . The special case 
/ = of the following theorem goes back to Kato, see [HI Prop. 1.20] (in the p-adic 
group case, i.e. for constant multiplicity function k, see Casselman [T]). 

Theorem 2.18. Suppose that 7 G T}'^^ and 7"" ^ 1 for all a G R^\Rq'~^. Let M 
be a left H{k)-module and m G M satisfying km — x^'^'^ {h)m for all h G Hj{k). 
Then 

ciik)m^{ n 

(2.29) . 

X ^ n 

^ew^ \ae{Ri\R'o-+)nw-^{Ri) 
In particular, by taking AI = M'^'^'^ (j) and m — v^'^''^ il) 

';■"-( n T^) 

aeR.^\R'„- + 

(2.30) 

n (±fc.^v^Tev^)U!L^^'^(7) 



^ , n (±fcjjTfc^vV') W-(fc)m- 



E 



in M'='±-f(7). 
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Proof. If 771 G M satisfies hm — x'^'^'' {h)m for all h e Hi{k) then there exists 
a unique iJ(fc)-linear map mapping (7) onto m. Hence it 

suffices to prove p.30p . 

Let 7 g satisfying 7""^ 7^ 1 for all a £ \ R^i^ ■ Then we have a unique 

expansion 1!^'='='^ = Z]u,gw^ "^^£'''''''^(7) M'''^'^{j) for some £ C. The fact 



7 Z^wGWf^ ^w^w 

.1 - +^.±llfc,. 



that Til'^'^'^ = ±fc,f for 1 < j < n implies, in view of the previous lemma and 

±. 



Lemma l2.ll the following recursion relation for the a: 

if 1 < z < n and w £ Ai. Rewriting the recursion relation gives 

if 1 < i < n and w £ Ai. 

Let w G Wq . By Lemma [2?2l there exist 1 < ij < n such that wq = s^j Si^ • ■ ■ Si^w 
and l{wo) = l{w) + r. Then for I < j < r, 



Hence 



at = 



= ---=«W n (ifcJJTfc^vV^), 

ae(i?+\i?.^-+)n«.-i(i?+) 

where we have used that 

w{R+ \ n R+ = w{R+ \ Ri'+ U i?^'-) n R+ 
= wm'^{RQ)r\R'^ 
= {w^w-^)-^R^ nR+ 

It thus remains to show that 

(2-31) 4.= n i^=4(jw) n T^V- 



By Lemma [inl and the fact that i?^ ni(}iJ"^(i?o ) i?+ \ we have 

for certain e C. On the other hand, by definition this is equal to 1^'^'^ — 
^wGW' ^±(^'i")^u)'^'^(7)- Comparing the coefficient of v^''' {j) in both expressions 
gives ((t^TI) . □ 
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3. Double affine Hecke algebras and quantum affine KZ equations 

3.1. The double afRne Hecke algebra. In this subsection we recall the definition 
of Cherednik's double affine Hecke algebra and we state some of its fundamentel 
properties. To keep the technicalities to a minimum, we only discuss the twisted case 
(in the sense that it is naturally associated to reduced twisted affine Lie algebras). 

Let m be the positive integer such that r7i(P^, P^) = Z. In the remainder of the 
paper we fix arbitrary multiplicity function k and arbitrary G (it is allowed 
to be a root of unity), unless explicitly specified otherwise. We write 

<7'^:-((7'") , re-Z. 
^ m 

For A € define torus elements e T ^ Homz(P^,C) by P^ 9 ^ qi^^t') . 
We extend the Wo-action on T to a -dependent action of the extended affine 
Weyl group ~ VFo ix P^ on T by T{X)qt = qH for A e P'' and i e T. 

The corresponding contragredient action of on (P) is explicitly given by 

K./)(t) = I{w-h), w e Wo, 
(r(A) J)(t) = f{q-H), A e P\ 

In particular, on the monomial basis {fi G P^) of C[r] the W-action takes on 
the form 

wq{e^) = w e Wo, 

r(A),(e'^) = g-<^^''>e'^, A G P"". 

We extend the definition of the monomials (/i G P^) in such a way that the 
latter formulas can be captured in terms of a M^-action on the exponents of the 
generalized monomials. Consider the M^-invariant subset 

P^ := -Zc + P^ 
m 

of V. Note that P^ contains the affine root system R. We set for rc + A G P^ 
(r G iZ, A G P^), 

e;^+^ GC[r]. 
Then it is an easy verification that 

w;,(e^)=e7 {w e W, fi e P''). 

We write t^ for the evaluation of at f G T. We write C{T)^qW for the associated 

smashed product algebra (note that it depends on the choice of the mth root of 
q). It thus is C(T)(X)cC[T4/^] as complex vector space, with the canonical embeddings 
of C(T) and C[W] algebra maps, and with cross relations governed by p.ip : w-p = 
{wqp)-w {w G W,p(=,€{T)). 

Note that C(T)#gVF acts canonically on C(T) as g-difference refiection operators 
with coefficients from C(T). This action is faithful unless is a root of unity. 
Despite this fact, it is convenient to think of C{T)^qW as the algebra of g-difference 
refiection operators with coefficients from C(T). 

Define eg'? G C(T) by 

(3.2) c^'' :^ \ ° ^ (a G P). 
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It coincides with the definition ()2.8p of cjj when a £ Rq . We denote c*^'^ = c'^'/' for 
< j < n.- The following result is essentially due to Cherednik. The only difference 
is that we allow to be a root of unity. 

Theorem 3.1. There exists a unique injective unital algebra homomorphism tt*^'' : 
H{k) C(T)#^VK satisfying 

7r'=-«(r,) = fc, + 4--^(.,-i), 

for < j < n and uj G Q. 

Proof. The (by now standard) arguments showing that the above formulas give 
rise to a unique algebra homomorphism tt*^'' : H{k) — > C{T)^qW are valid without 
restrictions on k and q~ (see, e.g., |231 §4.3]). It remains to show that tt''''^ is 
injective. This follows from a simple modification of the proof of [23l (4.3.11)], 
working in C{T)^qW instead of in Endc(C(T)) (the latter being the image space 
for the representation map associated to the canonical action of C{T)^qW on 

c(r)). □ 

The following result is due to Cherednik [6, Theorem 2.1]. 

Theorem 3.2. Up to isomorphism, there exists a unique complex, unital, associa- 
tive algebra H(fc, q) satisfying the following properties. 
(i) C[T] and H{k) are subalgebras o/H(fc), 

(ii) the multiplication map defines a linear isomorphism C[T] (E)c H{k) — > 
m{k,q), 

(iii) for all f G C[T], < j < 7i and uj € we have in M(k, q), 
(3 3) T,f ^ {s,,qf)T, + {cf'^ - %)((.,,,/) - /), 

Proof. The modification of the proof of [23l (4.3.11)] (see the proof of the previous 
theorem) shows that {e^'!r^'''{Tw)}\£P'^ ,wew is C-linear independent in <C{T)^qW 
(also if is a root of unity). Consequently M.{k,q) can be realized as the subal- 
gebra of C(r)#,W^ generated by C[T] and TT^'i{H{k)). □ 

The algebra M(fc, q) is called the double affine Hecke algebra (note that it depends 
on the choice q~ oi the mth root of q). 

Since C[TY ■= C[T] \ {0} C M{k,q) is a left Ore set, we can form the corre- 
sponding left localized double affine Hecke algebra Mioc{k,q). Theorem 13.21 is valid 
for Mioc{k,q) with the role of C[r] replaced by C(T); we will call it the localized 
version of Theorem [321 By (the proof of) Theorem l3.2l the algebra homomorphism 
^k,q . (fc) C{T)^qW uniquely extends to an injective algebra homomorphism 

mioc{k,q)^c{T)#qW 

mapping / e C(T) C Mioc{k, q) to / viewed as element in C(r)#gW. The resulting 
algebra homomorphism will again be denoted by tt*^''' : Miodk, q) — > C(T)#gVK. 

Remark 3.3. Composing tt''^i with the algebra map C(T)#qVF Endc(C(r)) 
arising from the canonical action of €.{T)^qW on C(T) as g-difference reflection 
operators, turns C(r) into a left ]HI;oc(fc, q)-module. Restricting the action to the 
double affine Hecke algebra IHI(A;, g), the algebra C[T] of regular functions on T 
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becomes a ]HI(fc, q)- invariant subspace of C(T). The resulting left ]HI(fc, (7)-niodule 
C[r] is Cherednik's basic representation oiM{k, q). It is faithful unless is a root 
of unity. 

Observe that tt*^''^ : Ilioc{k,q) C{T)^qW is in fact an algebra isomorphism. 
The pre-images of the Sj € 'C(T)^qW are given by 

(3.4) {7r'-''y\s,) = {cf'y'iT, ~ k, + c^^^«) e H,„,(fc,g), < j < n. 

They are called the normalized (X-)intertwiners of the localized double affine Hecke 
algebra. 

3.2. Algebras of i7(fc)-valued g-difference reflection operators. 

Deflnition 3.4. Denote <C%[T] (respectively C^'[T]; for the suhalgehra of C{T) 
generated by C[T] and [l — e^)^^ for all a £ R (respectively C\T] and {k^^ — kaeq)~^ 
for all a Cz R). 

Note that C« [T] (respectively C^'[T]) is a W-module subalgebra of C(r) with 
respect to the action (j3.1|) . and it contains c^-'^ (respectively (c^'')"^) for all a E R. 
The possible singularities of / G [T] , respectively / G C^' [T] , are at 

5« {i e T I = 1 for some a S R}, 

respectively at 

S!^" ■= {t eT \ = kl for some a e R}. 

Note that S^'^ = S^''''' and that T/^ C if / ^ 0. 

We can now form the smashed product algebras C«[T]#qW and C^'[T]#qW, 
which are subalgebras of C{T)^qW. The algebras of _ff (fc)-valued g-difference re- 
flection algebras with coefficients from C|[T], Cy''[r] and C{T) are 

^^''':=C^[T]#,Ty®ci?(fc), 
-4^':=C^^[r]#,W/0ci?(fc). 

and 

A''^" ■.= C{T)#qW(ScH{k), 
respectively. We will identify the algebras C{T)^qW and H{k) with their canonical 
images in A''"'^ (and similarly in case of A'^''^ and A^"^). The following statement is 
essentially a reformulation of [H Theorem 2.3]. 

Proposition 3.5. There exists a unique algebra homomorphism a'^''^ : M.ioc{k,q) 
a''''' satisfying 

(3.6) a'='«(T,) = ,s,r, + (c^^^'~fc,)(.'^.-l), 

for f G C(r), < j <n and LO eVL. Furthermore, cr'=^9 (ll(fc, g)) C ^^'9. 

Proof. A direct verification shows that the assignments p.6p respect the cross re- 
lations ([53]) . as weh as the relations T^Tj-T^-i = T„(j) in i7(fc) C H(fc, g) {u £ VL 
and < j < n). It thus remains to show that the a'^' {Tj) e A'^''' {0 < j < n) from 
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(|3.6p satisfy the defining relations p.Sp of H°'{k), for which it suffices to provide a 
proof if is not a root of unity. 

Suppose that is not a root of unity. Consider the Mioc{k, q)-modu\e 

Ind5(-f-)(F(fc)), 

where H{k) is considered as left iJ(fc)-module by left multiplication. By (i) of the 
localized version of Theorem 13.21 it is isomorphic to C(r) (g)c H{k) as a complex 
vector space. Denote the resulting representation map by 

a : Miocik, q) ^ Endc(C(T) 0c H{k)). 

Since q~ is not a root of unity, the formula 

{pw (8) /i) : r ®h' ^ p{wqr) ® hh' 

for p,r G C(T), w € W and h, h' £ H{k) defines an algebra embedding 

^^■■9 -^Endc(C(r) ®cH{k)). 

We identify A^''^ with its image in Endc(C(r) ®c H{k)Y By a direct computation 
using (ii) and (iii) of the localized version of Theorem 13.21 it follows that o'(/), 
cr(Tj) and <j{T^) for / e C(T), < j < ti and w e 17 are given by In 
particular, they lie in the subalgebra A^''^ . Thus a is an algebra homomorphism 
cr : mioc{k,q) ^'=■9, satisfying ((XE)) . 

The last statement of the proposition is immediate. □ 

Note that tt'^-'^ = (id ® e^) o cr'^-'?, where Tr*^'-? : H/oc(fc,g) ^ C(T)#,1^ is 
the algebra isomorphism as defined in the previous subsection. In particular, 

n''''^{mik,q)) CCl[T]#,W. 

Remark 3.6. Let —k^^ be the multiplicity function on R that takes the value —k~^ 
on a G i?. Since 

we have a unique algebra isomorphism t : H/oc(fc,9) H/oc(^fc^^, ?) satisfying 
t] - T,- (0 < j < n), Tj; - r„ (cj G 17) and p = f (/ G C(T)). Then tt-'^"'-" o t = 

(id(8)e'l) ocr'='9. 

Corollary 3.7. i^ia; a multiplicity function k on R and fix q^ g . There exists 
a unique algebra homomorphism ^^^i : C(T)^gVF — )■ ^'^^'^ satisfying 



(3.7) v'-^^n^.) = (c-'')-^s,r, + ^ ' 



Si 



/or / G C(T), < J < n and a; G 17. Furthermore, V^''i{C[T]4t^qW) C yl^'?. 
Proof. Consider the algebra homomorphism 

yk,q ._ ^k^q ^ (^^k^qy^ . C{T)#qW -> A^''^. 

A direct computation using p.4p shows that V'^^'^ satisfies p.7p . The second state- 
ment is immediate. □ 
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The algebra homomorphisni V'^^'^ is the key ingredient in the definition of Chered- 
nik's [4] quantum affine Knizhnik-Zamolodhikov (KZ) equations. We discuss this 
in detail in subsection 13.41 

3.3. Characterizations of spaces of invariants. For a complex, unital associa- 
tive algebra A we denote by Mod^ the category of left A-modules. 

Proposition 13. 51 gives rise to a covariant functor F^r : Mod^t,, — > ModH(k) in the 
following way. If M is a left ^^'''-module M, then Fa[M) is the vector space M 
with _ff (fc)-module structure defined by 

h-m:^ a^^'>{h)m {h e H{k) cm{k,q), m € M). 

Similarly, Corollarv 13.71 gives rise to a covariant functor F^ : Mod^^k,, — )■ Modc[vF]- 

In this case Fv(M), for a left ^y'^-module M, is the vector space M with C[T4^]- 
module structure given by 

w ■m:= V^'''{w)m (w e VF, to G M). 

Remark 3.8. Since C^[T]#qiy and H{k) are mutually commuting subalgebras of 
Al^\ both 7r'^"''9(i7(fc-i)) C £.%[T]#qW and H{k) act on a left yl^;^-module M, 
and these actions commute. It is important to carefully distinguish between these 
two commuting actions. 

The next aim is to relate certain invariant subspaces of F^, [M) and of F^ (M) in 
case M is a left module over the subalgebra ^^'y of „4''''', generated by and 
^y''. We first need to introduce some more notations. 

Write dl'%[T] C C(r) for the subalgebra generated by C[T], (1 - 6^)-^ and 

(fc^i - kae^q)-^ for aU a e i?. Note that C^;^[r] C^^y ''I^]- Then 

C[T] C C«[T],Cv''[r] C C^:^[T] C C(T) 

as VF-module algebras. The elements c^'"^ (a e R) are invertible in <C';'}j[T]. Let 
C^'y[r]#gM^ be the algebra of g-difference reflection operators with coefficients in 
C%[T]. Then 

and C A^„% C ^'^'9 as algebras. 

Definition 3.9. For a left Ai^''^ -module M we write M„ — F„{^AI\jk.q) and Afy = 
-Fy (Af |_^fc,<j) for the associated H{k)-module and <C\W]-module, respectively. 

For a left ^^'y-module M, for a subalgebra A C (fc) and for a subgroup G 'ZW 
we now write 

{to e M I cr''''«(a)m = e'^(a)m Va G A}, 
■.= {m^M \V^-'i{g)m = m VgeG}. 

Let Jfc ; H(k^^) — > be the unique unital algebra anti-involution satisfying 

JkiTj) = T^i (0 < j < n) and Jfe(T„) = T„-i (w e f^). Note that restricts to 
an algebra anti-involution Jk ■ Ho{k^^) — > Ho{k). 
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Proposition 3.10. Let M he a left J^^''^ -module. 

(i) We have 

(3.8) Aff'-e^) ^ M^" = {to e M I TT^'''i{h)m = Jk{h)m Vh £ Ho{k-^)}. 

(ii) We have 

(3.9) ('^^ = = {to G M I 7r'="'^?(/i)TO = Jfe(/i)m V /i £ iJ(fc-i)}. 
Proof. Observe that in 

a'^'^iT^) - V'^-'«(c<.) 

for < J < n and G 57. Since c^'"^ is invertible in A'^'y, it implies for m e Af, 

a^'"^ {Tj)m ^ kjfn ^ V''^''(sj)to = to, 
a^'''{T^)m = TO ^ V^'^{L^)m = to 

for < j < n and cj G fi. Tliis implies the first equalities in p.8p and p.9p . For 
the second equalities in p.Sp and p.9p it suffices to show, for m £ M, 

V'='«(sj)to TO ^ 7r'="'^9(r,-)TO = Jfc(Tj)m, 
V'=^''(cj)to = to ^ 7r'="'^*(r„)m = Jfc(r„)TO 

for < J < n and cj G £7. The second equivalence is immediate. It thus remains to 
prove the first equivalence. 

Note that V'='«(sj)to = TO is equivalent to 



SjTjm + {c)'"^ - kj)sjm = c-'"' 

G 

Using the fact that 



TO. 



We now act by Sj G ^^'y on both sides, and pull the action of Sj to the right. 



"JV a / ^ '-'wen '■ -a ^ '-a 

in C(r) for w & W and a G i?, it follows that V''''^{sj)m — m is equivalent to 

TjTn + (cj ''^ — kj)m — Cj '''sjm. 

Since T^^ = Tj — kj + kj^ in H{k), we conclude that V''''^{sj)m — m if and only if 

Tf^m = (k-^ + '•«(sj - 1))to. 

The left hand side equals Jk{Tj)m and the right hand side equals ''^{Tj)m, 
hence the result. □ 



Remark 3.11. The third form of the space of invariants (the far right side of p.9p ) 
is used in the analysis of special solutions of quantum Knizhnik-Zamolodchikov 
equations in the context of the Razumov-Stroganov conjectures, see, e.g., ISOl §4.1]. 
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3.4. Quantum afRne Knizhnik-Zamolodchikov equations. In this subsection 
we recall Cherednik's [4] construction of the quantum afSne KZ equations. 
Observe that for w G W, 

(3.10) V'^-'^H = Ct'^w e A^", 

with C^'"^ an element in the subalgebra Cy'[T] (E)cH(k) of A'^'^ . It follows that the 
C^"'' satisfies the cocycle conditions 

(3.11) C'^:.>=Ct-''w,{C'j), w,w'€W, 

where Wq acts on the first tensor component of C^','' e Cy''[T] (g) H{k). In view of 
the cocycle condition (|3.11|) . the C^'' are uniquely determined by C^''' (0 < j < n) 
and (w e 17). By dSJ]), for < j < n and w € 17, 

(3.12) ^^"^ c^-(i) " /fc-^-fc,i? ' 

as rational i?(fc)-valued functions in i £ T. 

For a left Cg.'y [r]#gVF-module L and a left i7(fc)-module L we write 

r^'«(7V) :=i®ciV 

for the associated ^^'y-module. Typically, L is some field of functions on T (for 
example, L = C(T), or M{T)) with C^;v[T]#gI^ acting by g-difference reflection 
operators, in which case it is convenient to think of the resulting ^^'y-module 
r^''(A^) as some space of global sections of a trivial vector bundle over T with fiber 
N. We call r^'''(A^) the space of A^- valued functions on T of class L. 

The action of t{P'^) on r^'''(A^)v then gets the interpretation of an integrable 
(/-connection on r^'^(iV); in this interpretation the cocycle values C^'^y^ (A G P^), 
acting on r^'''(iV), play the role of the g-connection matrices, while the integrability 
is captured by the cocycle condition (|3.1ip . The Wo-submodule T^£'^{N)^^ ■* of 
r^''^(A^)v then plays the role of the subspace of flat g-sections. 



Definition 3.12. The system 'SI^''^{t{P^)) of holonomic q-difference equations 
on r'^'^{N) is the quantum affine Knizhnik-Zamolodchikov equations for N -valued 
functions on T of class L. 

Note that the assignment 

(3.13) LxN ^ T^L^N)^ 

defines a covariant functor Mod^fc.g x Mod/j(;^') — Modc[vF]- In particu- 

lar, a L ^ L' and N N' are morphisms of C^;^[T]#qM^ and iJ(fc)-modules 
respectively, it gives rise to canonical linear maps 

r^'9(Ar)^(^") ^ r^'«(iV')v''"\ ^L^iN)^ r^^,'?(A^')v • 
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4. Spectral problem of the Cherednik-Dunkl operators 
For a left C';'^^ [T]#qW -module L and a left i?(fc)-niodule of the form M'='±'^(7) 
(7 e ) we relate in this section the space 

pfc,9 (M'^'i'-f (7)) ^ of Wo-invariant flat 
g-sections of the quantum affine KZ equations to a siiitablc space of common cigcn- 
functions of the Cherednik-Dunkl (j-difFerence reflection operators tt*^ ''(/(^)) G 
Ct^mi^gW if G C[r]) acting on L. 

4.1. Wo-invariants. In this subsection we analyze r^'''(M''^±^-f (7))^" (7 G T/""^'). 
In the following subsection we extend the analysis to its subspace f'^'^ {M'''^'^ {-j))^ 
of Wo-invariant flat g-sections. 

If i is a left C[T]^;^[r]#gW-module, then we wrfte 

(4.1) :={<^gL I 7r'="''«(/i)0 = 4"'(/i)0 V h G Ho,i{k-^)}. 

We give flrst an alternative description of the spaces L^'^. Set := 5 '^^eRi ^ 



and define 6"='^ G C[T] by 

'1 ife = +, 

Note that C^'^ G C^;^[T]><. Define for «; G Wq, 

(4-2) := -^^^w e Ct:^[T]#,W. 

It is just w in the symmetric case (+), but it is convenient to write it as to 
maintain an uniform treatment of the symmetric and antisymmetric theory. 

Lemma 4.1. Let L be a left C[T]'^%#qW -module. Then L^'^ = L^°-'-±, where 

L^O'''^ ■.= {(!)€ L \ w±cf> = (j) VwGWo,/}. 

Proof. For all i G {1, . . . , n} and (f> E L wc have 



The lemma follows now immediately. □ 

Proposition 4.2. Fia; 7 G T/^"^'. Let L &e a left C';%[T]#qW -module and let 
iP G r^'«(M'='±'^(7)). Then G r^'«(M'='±'^(7))^" tf and only if 



/or some ^ G i^'^. 

Proof. Any G r^''(M'^'^'^(7)) has a unique expansion of the form 

wew^ 
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with ijjy, e L. By the condition ip G r^''^(M'='±'^(7))^° is equivalent to 

(4.3) J2 ^''''•''m)i^^®vt-^-'ii)= E ^»^t;-V;±-^(7) 

for ah i G {1, . . . , n}, in view of p.Sp . Recasting (|4.3p as exphcit recursion relations 
for the ■0UJ using Lemma 12.11 and the explicit formulas (|2.20l) for the action of the 
Ti on the standard basis of AI^'^'^ (j), implies that (14.31) holds for 1 < i < n if and 
only if 

{V'sito if w e Ai, 

^s^w + - if W G B„ 

±kf^i}n, if w e a 

for 1 < i < n. 

Suppose that we have a solution {^^w} w^w^ C £ of the recursion relations (14. 4p 
for 1 < i < n. Consider first the recursion (|4.4p for it; = e G Wq the unit element of 
Wo and for i (z I. Then e G C;, sTe = e and = i, hence tt*^ ''^{Ti)tpe = ikf^tpe. 
It follows that i/'e G -Z^i'^. If w G W(( with l{w) > and w = Si^^Si^ ■ ■ ■ Si,(„, is a 
reduced expression (1 < ij < n), then repeated application of the first recursion in 
(|4.4p shows that 

Hence a solution {tpw}wew^ C £ of the recursion relations (|4.4p for 1 < i < n is 
uniquely determined by and "06 must be an element from the subspace L^'^ of 
L. 

On the other hand, let G L^.'^ and define 

0„ :=^''^"^«(r;_\)0GL, u-gWo'- 

Then {ipw}w€Wi^ satisfies the recursion relations (|4.4p for 1 < z < ?i due to the 
following identities in Ho{k~^), 

T^T-l, = T^^r^ + (fc-i - h)T-l, if w G B,, 

for 1 < i < n. The verification of these identities is straightforward. □ 
Corollary 4.3. Let 7 G Tj . We have a complex linear isomorphism 

Li'±^r^-(Af'='±'^(7))^°, 

defined by 

(4.5) -^^ E ^'"^n?^J-0<^^«™^''(7)- 



24 



JASPER V. STOKMAN 



4.2. M^-invariants. For the analysis of the W^-hwariants in r^'*(Af'^'='='^(7))v it is 
convenient to reformulate Corollary 14.31 in the following way. 

For i e / let ij G {1, . . . , n} such that WQ^ai) = ai* , and set /* — {i}}iei- It 
follows from the identities 

r_z}_iT,r^-i ^Te, Vie I 



in Hoik-^) that Lf = 7r'= ''«(T_3_i)L^'±. Thus Corollary |43l can be reformu- 
lated as follows 



Corollary 4.4. Let L be a left C';''^^[T]#qW -module and 7 e Tf*'. W'e /laue a 
linear isomorphism 

defined by 

(4.6) </.H^^^:= ^ 7r^"'''(T^w-)</'^«™^''(7)- 



Proof. It follows from Corollary 14.31 that we have a linear isomorphism 
given by 

It thus suffices to show that T^l^T^-i = T^w^-^ in i?o(fc^^) if it; e IVq^. This 
follows from the fact that for w G W^p , 

l{wwo^^) — l{wwoWo) ~ /(wq) — Ijwwo) 

= liwo) - l{wo) - l{w) = - l{w). 

□ 

The following lemma should be compared to Lemma [2.5( 1). 

Lemma 4.5. If "/ £ Tj then wqJ^^ G Tj, . In particular, for 7 G Tj^ we have 
a well defined character x'^^'^i^ ■ Hi'ik^^) — > C. 

Proof. Let 7 G Tf . Since WQ{ai) — a^* {i G /) we have, for i £ I, 

(^7-i)<J =7-r^fc-2^fc-2. 

Hence wo^~^ G Tj^^ . 

The second statement follows from Lemma [2.5( 1). □ 

Definition 4.6. Let 7 G Tjf^\ For a left &^%[T]#qW -module L we define 

<'±[^7-'] ■■^{4>eL I 7r''-'''^{h)4> = x^V-'*(M0 V/i G i/^(fc-i)}, 

Lf '±[11^7^'] ■■={<!> eL I 7r'^-"^'«(/.)<^ = x^V-'=/*(/»)0 V/i G i?/.(fc-i)}. 
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Note the alternative description 

which emphasizes the fact that '^[wo7"^] consists of common eigenfunctions 
within of the commuting Cherednik-Dunkl operators ''^{f{Y)) (/ £ 

C[r]), with associated spectral point Wqj~^. It is convenient to make explicit 
contact with the notations of Subsection 12.51 We write for a left C^'y[T]#gW^- 
module L when we view L as a H {k^^)-modu\e via the algebra map tt'^ : 
H{k-^) -> C^;^[T]#gVF. Then we can alternatively write for 7 e rf*\ 

where, recall, ^^^^-i is the ^-weight space of the iJ(fc^^)-module with 
weight 1^07^^ £ T, 

i.,W7- = G i I ^'"'^(/(F))'/' = fi'mi-'^ V/ £ C[T]}. 
In particular, for /* = we have 

L^'=^[uJf^7"^] = L^;^^-i. 

Similar alternative descriptions can be given of the space '^\wq^~^\. 

Proposition 4.7. Let 7 £ Tf^\ Let L he a left C%[T]4f:gW -module. The map 
4> ^ ^^(pj given by (j4.6p . restricts to an isomorphism 

<.^[^7-^]^r^^^(M'='±'^(7))r 



'V 

Proof. Let 7 £ T^^'*' and ^ £ r^'''(M'='±'-f(7))^", written 

with Vu. = tt'^" '■'(^totu-O'^ ^iid G ^r^"^- cf. Corollary m Then we have 
iP £ r^^«(M'='±-f (7))^° if and only if 

in view of Proposition 13.101 For w £ we write s^w = s^ww^ with, as usual, 
SipW £ W(| the minimal coset representative of SipwWoj, and — s^pW £ Wq,/. 
By (|2.10p and the definition of ^^'^'^(7) we have for w £ VFq, 



as 



Note that w 1— >■ Si^u; defines an involution — > W((, and that (s<^u;)<p = w^^ for 
ah u; £ W^. It follows that t/j £ r^'« (Af'^'^'-f (7))^° if and only if 

^ 7r'="'-«(ro)^^0z;^'±^^(7)= E 4(7^-j7'"-"'"''^'W®«^^'^''(7) 



26 



JASPER V. STOKMAN 



which holds true if and only if 

By (1233 and using T~_\T^„ = T,^„ for u£Wo, 

-'O -'- w-^ W:^^ ~ -'-■wwo-'-wo ^Mio"^ 

ry-7— 1 rr^ — WqW^ ^ {if^ ) rp — 1 rp 

— 1 rji—l rp rp -ST — WqW '^(ip'^^rp — 1 rp — ^'T' 

Since 7r'="''«(T^-i)<?!) £ we obtain for w £ , 

while 

Hence V e r^'«(A/'=^±^-f (7))^° if and only if, for all w G Wo^ 

Here we have used repeatedly that tt'"' '^(r^-i)(/) £ i^'^- 

Note that {wwolujgH'^^ is a complete set of coset representatives of Wo/Wo,/». 
In view of Lemma 12.41 it thus remains to show that for 7 G Tj , 

with 7/ G Tj, given by 

(4.7) 7/ := TZ^7"^ = wo(p/7)"^ 

(see Lemma [4. 5p . where the last equality follows from p.l7p . Hence it remains to 
show for ^ eTj, 

Let w G Vl^Q . Since 7 G and tUi^ G Wqj we have 

«^^'7 =7 n 

a 

in T by (|2.16l) . hence it suffices to show that for all w G Wq , 



i.e. that (a,u;"V^) = if a G i?o'^ fl w^^^R^;^ and w G Wj^. This follows from 
Lemma below. □ 



Lemma 4.8. Let w G Wq and write s^w — s^ww^p with s^w G Wq and w^p 
SipW G Wo,/. Then 

jl aGi?^-+nw-i<-, 
(wa, ip ) — < 7, if. 
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Proof. Let a S Rq'^- Then wa G since w £ Wq . Using 

s^{wa) — wa — {wa, (p'^)(p 

and using the fact that ip £ Rq is the longest root, we conclude that {wa, ip^) is 
or 1. It is if s^{wa) £ Rq and 1 if s^{wa) e R^ . Furthermore, 

R+ n {s^w)-^R^ = w-^{R+ n U n w^^R^-) 

since l{sl/ww^) — l{s^w) + l{wtp) and G Wq,/. 

Suppose that a £ Rq'^ Hw^^ Rq . Then a £ i?^ n (s;^it;)~^i?(^, hence s^(i(;q;) £ 

Consequently, {wa,(p'^) ~ 1. 
Suppose that a £ i?o'^ ^^.^^-Ro^- Then 

s^{wa) = s^w^(q!) £ 's^{Rq^) C 
hence {wa,Lp^) =0. □ 

The following theorem provides an explicit bridge between the theory of quantum 
affine KZ equations and the Cherednik-Macdonald theory. 

Theorem 4.9. Let 7 £ Tf^\ Let L be a left c!l%[T]ij^qW -module. The map 
4> i-^ Tp^, given by (14. 6p . restricts to a linear isomorphism 

Proof Let 7 £ T^^' and e F^''' (Af '^'^'■f (7))^° , written as 

^= ^ V'»®x,^.±.^(7) 

with i/^tu £ TT''~^''^{T^:^-i)(j) and (/) £ i^*^='=[iZy5'7"i], cf. Proposition l4Jl Then 
£ F^^«(M'='±'^(7))^ if and only if 

(4.8) J2 '^'"''(r.)^»®t't'^''(7)= E ^^^Tj'^t'^'^M 
wew^ wew^ 

for all a; £ f2 in view of Proposition 13.101 

In order to analyze (|4.8p . we first need to give some additional properties of the 
abelian subgroup V, CW (we refer to [53] for detailed proofs of the following facts) . 
For A £ P^ we write v{X) for the unique element of minimal length in Wq such 
that v{X)X £ wqP^. We furthermore set u(A) £ W such that i(A) — u{\)v{X) in 
W. Set Wq £ 0. Then we write, for < j < n, Uj = u{zuj) £ VF and — v{vjj). 
In particular, = e and vq — e. Set 

J:={0}U{j£{l,...,n} I (tnj,¥.) = l}. 

Then f2 = {ujjjgj. We write {t^jjjej for the corresponding elements in the ex- 
tended affine Hecke algebra H{k). Then in H{k), 

(4.9) U, = T^r"'"K)T-^ (j £ J, £ Wq), 
cf. [231 (3.3.3)]. 

Choose aj £ Wq (j £ J) arbitrarily. Then {aj{njj)}j^j is a complete set of 
representatives of P^ /Q'^ . In particular, the standard parabolic subalgebra Hi{k) 
of H{k) is generated by Hf{k) and the y'^^(^)') (j £ J). 
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We are now set to analyze (|4.8p . Let j & J and w £ Wq , then it follows from 
TM that 



where we have written VjW — (vjw)wj with UJw e Wq and Wj := VjW € Wo,/. 



Note that w t-^ VjW defines a bijection VFg Wq with inverse given hy w i-^ Vj 
(w S We write Wj := vj^w G Wq,/, such that I'J'^^w = {vj'^w)w'y Note that 



(4.10) {vj^w)j^w'f\ w&W^ 



since WjCfj w) = ww'j . Thus we conclude that 



Hence (|4.8p holds true for all w £ if and only if, for all w G and j £ J, 



(4.11) 7r'="^'(C/,)V. = 4(7^^07-^''^"'"^"^"^'^V'-T„ 



As in the proof of Propositionli?71 it follows from and^Au, = Tr*" ''''(r^^iT^-i)0 
that for all w E Wq , 

Using that G L'j^'j^^^wa^^^], in particular tt'^ ^''?(r^-i)0 G -^i'^, we get V G 



It thus remains to prove that for 7 G , 



(4.12) ^ ^;o»-..K) ^ ^ 

with 7/ given by (|4.7p . 

Now (|4.12p for 7 G is equivalent to 



Since 7 G Tj and w — w' ^(u - ^w) ^ for w G Wq we have by (|2.16p . 



while, by the definition of pj, 

-2(a,«,-ii,,(t^J)> _ -|-r 2{a,{v-'w)-\^J)} 



Hence (|4.12p holds true iff for all w G Wq and j G J 



(4.13) {a,{vj^w)-\vj^)) ^0, Va G i?o'" nw^(i?o'"). 
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Fix w € Wq and j e J. We show in fact that 

I.N / t~=T~\-if vuJ<0' Vaei?o'^, 

which impUes (|4.13p . The first inequality is immediate, since u{Rq' ) C if u G 
Wq . For the second equahty, let a = w' (/3) e w'jiRo'-). Then, since (w^- w)^^ — 



But ti; G W(( and /? G i?o'~ hence w{(3) G -Rq , and ^^(tuJ) G wqP^, hence 
{w{(3),Vj{-cDj)) > 0. This concludes the proof. □ 



Corollary 4.10. Let 7 G T*^"^' and let L a left C';''^^[T]4l^gW -module. The we have 
an injective linear map 

defined by 



-1 k.q.±.I 



Proof. We claim that e2|.(T-ujf,) ^a^'"?^' ' is equal to the composition of maps 



with the second the trivial inclusion, and the first and third isomorphisms obtained 
from Theorem l4.9l This can be proved by a direct computation, using the fact that 

for (/) G L^"'^ and w G Wq. □ 

Let 7 G Tj^ and L a left C^'y [Tj^gVF-module. The functoriality of the assign- 
ment p.l3p can be applied to the surjective morphism M'^ (7) M'^'^'^ {j) of iJ(fc)- 
modules mapping We (7) to v^'^'^{'y). In fact, it maps ^^(7) to £±{Tw)v^ '^(7) for 
w G Wq. It thus gives rise to a C[Vl^]-linear map 

r^-^(M'=(7))v^r^''(M^'^''(7))v, 

(^■^^^ E V^-®«^(7)^ E ( E 4(r.)V^™)®i'^±'^(7) 

wGWo uGWl veWo,i 



for J . Combined with Theorem 14.91 we obtain 

Corollary 4.11. Let L be a left c';''^^[T]#qW and let 7 G T/^*\ The assignment 
defines a linear map 
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Proof. Let 7 G Tj^\ Denote by 
the composition of the hnear maps 

where the isomorphisms are from Theorem l4.9[ and the second map is the restriction 
of KWi to r^''?(M'=(7))^. Then 

veWo,i 

for e Ljr.mfi^-i. It suffices to show that 

(4.16) r,^(0)=e^(T^) ^ e^" (r„V'="'«(T,)0 (0 e ). 
Let G L^^^^^-i. Note that Wqj = Wq^^Woj*Wo, and 

It foUows that 

Denote wq* for the longest Weyl group element of Wqj*. Then wq* = TJToiuo^i'o""'^! 
hence 

rr\ — 1 rji rji rri 

J^-l-^iuo ~ -'-wowo — ^Wq* ■ 

It follows that 

Using that = T~_\T^. for v e Wqj* , we get (jCT) . □ 

4.3. GL,„ case. It is instructive to consider the GL^ case of Theorem 14.91 since 
it has a simpler proof. We keep the notations and definitions as before with Rq the 
root system of type Am-i (m > 2). We redefine first, for the duration of this sub- 
section, those notions from the previous subsections which need slight modifications 
in the GL„i setup. 

Let {ei}"=i be an orthonornial basis of M™. Take {e; — £j}i<i<j<m as the real- 
ization of the root system Rq, and take Uj = ej — ^j+i (1 < j < n = m — 1) as a 
basis of i?o- The affine root system is i? = Zc + i?o with additional affine simple 
root ao = c — ei -t- em- 

Set T = (C\{0})" and define for A G Z'" and r G Z, the monomial 6^^=+^ G C[T] 

by 

e\^+\t) = q^t\ t e T 

(where we use the usual multi-index notations). The extended affine Weyl group 
\sW = Sm X Z™- A multiplicity function i? — > (i.e. M^- invariant) takes on a 
constant value, which we denote by fc e C^. We let W act on C[r] by ^-difference 
reflection operators (see p.ip V 

The afl&ne Weyl group W is generated by Si — Sa^ (1 < i < m) and C,, where 

C = fTT(e„) 
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with o = S1S2 ■ • ■ Sm-i G Sm- It thus acts on / £ C[T] by 

iCqf){t) = fit2,...,t„,,q-%). 

Let Q CW he the subgroup of W generated by C,. It is the subgroup consisting of 
the afRne Weyl group elements w ^ W oi length zero. 

The extended afRne Hecke algebra H{k) is generated by and Ti, . . . ,Tm-i 
with, besides the familiar relations for the finite Hecke algebra generators {T'i}i<i<m 
(including the quadratic relations (T^ ~ k){Ti + k^^) — 0), the relations that 
is central in H(k) and that T^Ti = Ti+iTc_ for 1 < i < m — 1. The commuting 
Yi = e H{k) (1 < i < to) are given by 

y' rp — 1 rp — \rp — 1 T"' T"' 

i — -'-i-l' ' ' -'-2 ^1 -^C^™-l^"i-2 ' ■ ' j- 

Let be the commutative subalgebra of H{k) generated by the 1^^^ (1 < i < to). 
The extended afhne Hecke algebra is generated by the finite Hecke algebra Ho{k) 
(which is generated by Ti, . . . , Tm_i) and Ay, with defining relations as in Theorem 

The algebra map n'^'i : H{k) C« [r]#,P^ is now given by 

^'^^''(T,) = fc + cf^(s, - 1), ^'^^''(rc) = c 

for 1 < i < TO. The algebra map V''''? : 'C[T]4j=qW A^'^ is 
V''^^'(/) = /, 

v'=.^(.,) = (c^'')-^..^. + ^^^s„ 

for / e C[T] and 1 < i < to. 

For / C{l,...,m— f}wc write Hi{k) for the subalgebra generated by Ti {i £ /) 
and Ay- For 7 G ^ we have a character x^J'"*^'^ • Hi{k) C mapping to 
±A;='=^ for i e / and /(F) to 7(7) for / G C[T]. We have the associated afhne Hecke 
algebra module M'^^'^'^ {-j) — Ind^jj],) {x'^'^'^) with basis v^^'^ (j) {w G S^), where 
is the set of minimal coset representatives of S„i/S„ij (with S„ij the subgroup 
of Sm generated by Si (i G /)). 

Let Wo G Sm be the longest Weyl group element, mapping j to to + 1 — j for 
1 < j < TO, and set 

VJj = ei + 62 + ■ ■ ■ + ej, 1 < j < TO. 
CoroUarv 14.41 now holds true in the present GL„j setup. 

Proposition 4.12. Let 7 G T|'*' and let L be a left C';'^[T]4l^gW -module. Sup- 
pose that 4> G Li''^ and let G r^''^(M'='±'^(7))^'" be defined by gH). Then 
'SI^''^[T{vjj))'4}^ is equal to 

J2 4(7»oT^»^.)7">'"^"^^7r'="^«(r_,.-.„„r-«->"'(-^))0®t;^'^(7) 
for 1 < j < m, where w'j G Sm.i is such that a~^wwj~^ G Sm- 
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Proof. Note that t{zuj) = (^a ^ G W, hence 

For e if we have 7r'=~'^9(T^-i)0 G L^'±, hence for all w G 5^, 

Thus ^0 = E»es/„V'«' ■^^,''^'■^(7) with -0^ = e±(^2£o.)'r'' '''(^"'"'o)^- Using the 
fact that 

(4.17) Tt^Tu ^ TcruYu-i(m), U e Sm 

in H{k) (cf., e.g., the proof of |27[ Lemma 4.1]), we obtain 
V'='''(r(tn,))V-^ = V'=''(C^)V^ 

= E C>»®T^''^^^'^''(7) 

where := cr^w G Sm,i, such that u-'iy = {cr^w)wj. 

For w G 54 we write := a^^w G S'm,/, such that a^^w — {(T^iw)wj. Then 
w H> crJ-u; defines a bijection fi^ — <S'4i with inverse w ^ a^^w {w G S^^J. 
Furthermore, {a~^w)j = w'j~^ for u) G S*^. Thus 

= E 4(i^^r„p7">"^"^V'="'-«(r^^,-i„„y'"»'"^'""(-^))0®«^^ 

where we have used (j4.17p and (j^wo{vjj) = voj to obtain the last equality. □ 

Remark 4.13. The classical {q = 1) analogue of Proposition 14.121 is [28l Lemma 
3.2]. In contrast to the present g-setup, it is for arbitrary root systems. 

We write pf = {p'l -Y, . . . , pf „,) G T with 

For 7 G we have z«o7"^ = (t«oP/)"H"'o7)~^ e T/l ^ (cf. Lemma l4?5] and ^J}). 
As before, we define for 7 G T*^ and for a left C^;^[r]#gH^-module L, 

Lr^±[uy^7-i] {0 G if'^ I 7r'="''(/(y))0 = /(u^7~')0 V/ G C[T]}. 

The GL„j version of Theorem 14.91 which we now formulate, is essentially due to 
Kasatani and Takeyama [17] (the present version is more general since we do not 
need to impose any parameter restraints). We give a proof based on Proposition 

sm 

Theorem 4.14. Let 7 G Tf*' and let L he a left dl''^^[T]4qW -module. Then 
(j)^ ^tj) defines a linear bijection '^[1^07""^] ^L'^{M'''^'^{'y))y. 
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Proof. Let 7 G Tj^^ and (p e Since for w £ 54 and 1 < j < m, 



1 — 1 rji — Ir 



it follows from PropositionmHand TT*^ '.^(T^^i),/, e L^'^ that G rL(M'='±'^(7))^" 
is ly-invariant if and only of 

for all w S 5*4 and 1 < j < to. Sinee Iyo7^^ ~ wo{pj^ 7)^^i it thus suffices to 
show that 

for all 1 < J < TO and w £ 5*^. Fix w G 5*^ and 1 < j < to. Then 
so it remains to show that 



(4.18) {a,w-\wj)) 



'1 if a e n 
if a e n 



First note that if a = w'- 1/3 (/3 e i?o^") then 



(a,7«-i(t^,)) = {{a-iwm,a-^{wj)) > 

since a^^{vjj) — wo(n7j) and u{Rq'^) C for u G S^. But woi'^j) is minis- 
cule (i.e. \{a,WQ{wj))\ < 1 for all a e i?o)i hence {a,w^^{zuj)) E {0,1} if 

ae«;^,-i(i?o'"). 

Fix now a G u;^^i(i?Q' ). Suppose first that a G Rq' . Then (a, ^"^(tAjj)) = 
{w{a),vjj) < 0, since w{a) G -Rq". On the other hand, we have already observed 
that the scalar product is or 1, hence this forces (a, ly"^ (tUj)) = 0. If on the other 
hand a G Rq^, then, since a~^w = {a~iw)wj and l{a^^w) ~ l{a~^w) + l{w'j), 



n {<7-^w)-^Rq = w'-^{R^ n ((T-Ju;)-ii?,(7) U {rI'^ C^w'f^Rl-') 

(disjoint union), thus a G R^ H {a^^ w)^^ R^ . Since furthermore a G i?g'^ and 
w G 54 we have w{a) G hence w{a) G i?o H Rq . But 

= R+n c7^c^R~ 

= R+ r\T{~mj)R~. 

In other words, 

(4.19) T{vuj){wa) — wa — {vuj,wa)c G R~ . 

We already observed that wa G Rq and that {wj,wa) is or 1, hence (|4.19p can 
only hold true if {wj,wa) = 1. This completes the proof of (|4.18p . and hence of 
the theorem. □ 



34 



JASPER V. STOKMAN 



5. Cherednik-Matsuo type correspondences 

We return now again to arbitrary root systems. Cherednik related solutions 
of quantum affine KZ equations with values in principal series modules to common 
eigenfunctions of the commuting Cherednik-Macdonald scalar g-difference opera- 
tors. We discuss and deepen this result using the results of the previous sections. 

5.1. (Anti)symmetrization. By Lemma [2115] we have for 7 G Tj * a linear map 

(5.1) ^'="^''(Ci*(fc-i)) : Li''^[w^^-^] ^ (ir"^")^, 

which we call the symmetrization (+), respectively antisymmetrization (— ), map. 
Recall here that L^"'^ is the iJ(fc^^)-submodule 

of Xtt. Define 

(5.2) Tl,,^ {7 e Tf I kl. ^ 7" V 1 Va e R+ \ r','+}. 

Proposition 5.1. Let L be a left C'^''^[T]^qW -module. 

(a) If J ^ Tjj.^g then the (anti) symmetrization map ()5.ip is injective, 

(b) Let-f eT such that k^^ ^ 7"" ^ 1 for all a e Rq. Then 

7r'="^«(C±(fc-i)) : L,,^„^-. ^ {L^"^"f 
is a linear isomorphism. 

Proof (a) For 7 e Tj? we have 7/ := wqT ^ G Tp. , cf. Lemma 14.51 Furthermore, 

w^{R^\Rin = Ro\Ro'''- 

Hence, for 7 G T, we have 7 e r/^„g if and only if 7/ e T]=. and fc^^ 7f 7^ 1 
for allaei?+\i?o''+. 

Let 7 G T/=;^^g and </) £ ^±[7/], and suppose that 7r'="''«(C4* (fc^i))(/) = 0. 
Since ^ G ^71,7/ we have Iw{k~^)(l) G i,r,u)7i for w G The condition 7"" ^ 1 

for all a G i?(J" \ i?g implies that the w^j (w G ) are pairwise different (see 
Proposition [232](i)). Hence tt*^" ^«(Cf (fc-i))<?!> = implies, in view of Theorem 
[2T81 that 

( n (ifc^v^Tfc^vSf ))0=o. 

aeR+\Rl-,'- + 

Since 7"^ ^ fc^v for all a G \ Rq we conclude that = 0. 

(b) Fix 7 G T satisfying fc^^ ^ 7"" ^ 1 for all a G Rq- By (a), 7r'="''«(C±(fc-i)) 

defines an injective linear map 

(5.3) TT'^'^'iCiik-^)) : L,^^,,-i ^ 

It remains to show that (j5.3l) is surjective. For the remainder of the proof we leave 
out the map tt'^ ''^ from the notations. 

Choose a nonzero element v G [L^°^ ) and set M := H{k^^)v for the associ- 
ated cychc iJ(/c"i)-submodule of i^"'^"'. By a resuh of Steinberg [Ml Thm. 2.2], 
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H{k~^) ~ /C (E)c {-^Y )'^'' ®C Ho{k~^) as complex vector spaces by the multipli- 
cation map, with IC C Ay a complex subspace of dimension \ Wo\- It follows that 
Dimc(Af) < 1 1^01- 

For all w e Wq, the intertwiner Iwwo{k^^) G H(k^^) defines a linear bijection 
with inverse c~-^/^^^-i (fc^^), where (cf. Corollarv l2.9l) . 

which is nonzero since 7" 7^ k'^v for all a G i?o- Since M has central character 
Woj~^, there exists a u S Wq such that 7^ 0. We conclude that M^^-i ^ 

for all w € Wq. Furthermore, wj^^ = for w,w' £ Wq iff w = w' , since 

7"" 7^ 1 for all ae Rq (sec Proposition [2H](i)). Combined with Dimc(M) < \Wo\ 
we thus conclude that 

(5.4) M - M^^-i, Dimc(M^^-i) = 1 Vin G T^o- 

It follows from ()5.4p and the conditions on 7 that M ~ Af*^ (7^1) as H{k-^)- 
modules. Hence, — Cv (cf. LemmaEATj) and C±(k~^) defines a linear isomor- 
phism 

(5.5) C±(A:-i) :M^„^-i 

between the one-dimensional complex vector spaces M^^^-i and = Cw of 
M C Ljj?^o7 \ We conclude that there exists a m S Af^^..^-! C L^^^^^-\ such that 
C±(fc^^)m = V. Hence the map (|5.3p is surjective. □ 

5.2. The Cherednik-Matsuo map. 

Definition 5.2. Lei Lhea left C^;^[r]#,I^ and 7 G Tf*' . T/ie Cherednik-Matsuo 
map ^I'l;^-' : r^'«(A/"'='±"f(7)) ^ L is de/ined by 

wew^ wew^ 
If I = ^ then we write ^^'^^^"^ = Cl'''"^'"- 

The map C^'^'"'' was considered by Cherednik '2','4' . Its classical analog appears in 
the work of Matsuo [25] . Observe that the Cherednik-Matsuo maps are compatible 
with the functorial maps r^'''(AL'='±"f (7)) -> r^''^(Ar'='±-'(7)) for / C J and 7 G 
T|*' (cf. (|4T5l) in the special case that / = 0). 

Note that the maps C^'*^'^'^ for 7 G Tj are Wo-equivariant in the following 
sense, 

(5.6) e^:^,^''(V^--^(u;)^) = w±{ei:^^^'m e r^'^(Af'^^±^^(7)),^^ G Wo), 

with w± G C^^^[T]#qiy given by (g^l). This follows directly from the explicit 
expression jSJ]) of V'='9(sj) (1 < j < n) and ((2:201) . Recall the set T^^^g (see ([Q]) ) 
of regular elements in Tj. 
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Proposition 5.3. Let L be a left C'^''y[T]^qW -module. 

(a) Let 7 G Tj . Then ^'^'^ restricts to a linear map 

The map is injective if j € ^^/reg- 

(b) Let 7 G T such that fc^v ^7" 1 for all a G i?o- Then ■f^'^'^ restricts to a 
linear isomorphism 

:r^^'(M'=(7))^^(Lr"--y. 

Proof. By Theorem 14.91 and (jS.ip we have for 7 G Tj^ a hnear map 

(5.7) C>±:ri'«(^^''^^'(7))v -^(i^^")^ 

given by 

By Theorem 14.91 and Proposition 15.11 (a). the map 1^'=*= is injective if 7 G T/^eg- 
For / = 0, by Theorem 14.91 and Proposition I5.1l fb). is a linear isomorphism 
if fc^v 7^ 7"^ 7^ 1 for all a G i?o. To complete the proof of the theorem, it thus 
suffices to show that 

l^-±(V') = 4"(Tw)c^;:f ''(v-), vv- 6 r^-^(M'=^±^^(7))^. 

Let V = ^^®«^'±^'(7) e r^^'(A/'='±'^(7))v • Then V'™ = ^'^"■'(T^^-i )0 

for aU w G Wq with G L^*^='=[l(Jo7^"^]- 

Since I(Jo(Q!i) = a^* for i G /, we have Wq,/- = woWojWo~^ and Wq = W^q z«o~^. 
Furthermore, for w G VFg we have T^^-i = T^iiT^-i, see the proof of Corollary 
14.41 Hence we compute, 



= ei'\T^) J2 ^±iT^)^u, 
wew^ 

= e'l\T^)e£Z;^'\^l 
as desired. □ 

5.3. Spectral problem of families of commuting g-difFerence operators. 

For a left C^;^ [r]#gVK-module L and 7 G T, we will identify, following Cherednik 

gj, the subspace ) , which appears in Proposition l5.31 with a space of com- 

mon eigenfunctions of a commuting family of g- difference operators. In case of the 
symmetric theory (+), they are the Cherednik-Macdonald g-difference operators. 
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Definition 5.4. The subalgebra 

o/C^'y is called the algebra of q- difference operators on T with coefficients 

from C^;«v[r]. 

Recall the elements w± G C^;^[r]#,W^ from (g^]). A (twisted) Wo-action by 
algebra automorphisms on D^'y C C^'^[T]#qTy is given by 

[w, D) ^ w±Dwl^ {w eWo, De D^;«7). 

We set 

D^;«^± {D G D^;«7 I w±Dw^^ =D Vw G Wq} 

the subalgebra of B^'^ consisting of Wo,±-iiivariant g-difference operators. 
The following result is due to Cherednik [3]. 

Proposition 5.5. For f G C[T]^° write of'^'^ J2weWo ^f,w with Of ,^ the 
unique elements from B^'y such that 

in C^'y[T]#gTy. r/ien </ie map / i-^ 13^'''* defines an algebra map 
(5.8) CiT]^" ^B^;^^. 

/n particular, the q-difference operators d'J '^'^ (f G C[r]^'' j pairwise commute. 

For the proof of Proposition EH one first shows that (/ g C[T]^°) is 

Wo,±-invariant (for which one uses the fact that f{Y) lies in the center of H{k^^) 
if / G C[T]^o^ ag TffQii as the expressions of tt'''^ '"^ {Ti) {1 < i < n) from the proof 
of Lemma 14. ip . It then follows that (|5.8p is an algebra homomorphism (see pTl 
Lemma 2.7] for a detailed proof in the symmetric case (+)). 

Definition 5.6. The D^'^ G B^;^+ (J G C[r]^o j are the Cherednik- Macdonald 
q-difference operators. 

The Macdonald g-difference operators correspond to I?^'*'"'" with / G C[T]^'' 
given by f{t) = J2fi^Wo\ ^'^'^ ^"•^ ^ (quasi- )miniscule coweight. They can be 
written down explicitly (cf., e.g., [23] §4.4]). 

Definition 5.7. Let L be a left C';%[T]#qW -module and 7 G T. We call 
SpM^-«-±(iyo7) e i I = /(7)0 V/ G C[T]^n 

</ie solution space of the spectral problem of the commuting operators 13^'''^ (f & 
C[T]^° ) on L, with spectral parameter WqJ G T/Wq. 

By the previous proposition, SpM^'*'^ (W07) is a Wo,±-invariant subspace of 
L. We write SpM^''''^(Wo7)^'''* for the corresponding subspace of Wo,±-invariant 
elements. 
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Proposition 5.8. Let L be a C^'y [r]#gl4^-morfMZe and 7 G T. Then 
(5.9) (if ^ = SpM^'«'± ( Wot)^"-* . 

Proof. We have = L^"-^ by Lemma 14.11 (where, recall, is the space of 
(anti)spherical vectors in L^, see Subsection 12. 6p . Furthermore, for cj) G L^°-^ we 
have, for all / £ C[T]^«, 



This implies now immediately (|5.9p . □ 

Remark 5.9. In this remark we explain the link to the theory of (anti)symmetric 
Macdonald polynomials (see |7lE3|). Fix q g C^, not a root of unity. Fix further- 
more a multiplicity function fc, sufficiently generic so that the theory of nonsym- 
metric Macdonald polynomials with respect to the parameters {k~^,q) is to our 
proposal. 

Set L :— C^'y[T] (viewed as left C^'y[r]#qM^- module) and consider the linear 
map 

^'="^?(C±(fc-i)) :L„^i± 
(see Lemma r2.15p . It restricts, for each 7 £ T, to a linear map 

^'="'^^(C±(fc-i)) : LfoT"' (if°T"')^. 

Let A £ P^. Then there exists, up to a scalar multiple, a unique 7^ E\{k~^, q) £ 
C[T]c L satisfying 

^^"■«(/(r))i?A(fc-\g) = f{jx{k-\q)-')Ex{k'\q), V/ £ c[r], 

where 

aeB+ 

with 77(2;) = 1 if a; > and = —1 if x < 0. The Laurent polynomial E\{k^^ ,q) is 
the nonsymmetric Macdonald polynomial of degree A. Let be the cone of dom- 
inant coweights. Then, writing 7^ — '~f\{k~^ ,q), the symmetric and antisymmetric 
Macdonald polynomials are defined, for A £ P^, by 

Pf)(fc-\g) :=7r^-"''(C±(fc-i))£;A(fc-\g), 

which is an element in (^L^"^^ )^ — SpM^'*'^(M/o7A ^)^'''* • Under generic condi- 
tions on the parameters we have P^'^\k~^ ,q) ^ for all A £ P^, and P^ \k~^, q) ^ 
unless A £ P_)^ \ (p^ + P_)^), in which case P{"^(fc-\q) = (cf., e.g., [H §5.7]). 



From Proposition 15 .31 we now immediately obtain the following important inter- 
mediate result. 

Proposition 5.10. Let L be a left C'^''y[T]^qW -module. 
(a) Let 7 £ Tj . Then ^^^'^'^'^ restricts to a linear map 

^M,±,/ . r^.'^(M'='±'^(7))^ ^ SpM^'«'±(W^o7-')^°'±- 
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The map is injective if j G "^ireg (^^^ ()5.2p ). 

(b) Let 7 e T such that fc^v / 7" 7^ 1 for all a G Rq- Then ^^'^'^ restricts to a 
linear isomorphism 

Remark 5.11. Let L be a left C^;^[T]#5M^-module. Multiplcation by G''" defines 

a linear isomorphism Through this map, in case L = C!^'y[T] and 

the parameters fc, g are generic, symmetric Macdonald polynomials are mapped 
to antisymmetric Macdonald polynomials with respect to a shifted multiplicity 
function, see, e.g., [331 (5.8.9)]. 

5.4. The correspondences. In this subsection we prove a nonsymmetric version 
of Proposition 15. 101 (Proposition 15.101 then is reobtained by restriction to the sub- 
space of Wo-invariant elements). We will prove the nonsymmetric version of the 
theorem using a construction which is motivated by Opdam's [28l §3] analysis of 
the trigonometric KZ equation (see also Cherednik and Ma [91, §3.5] for a different 
but closely related treatment). 

Let A and B be unital associative C-algebras. We write BiMod(^ ^) for the 
category of left {A, i?)-bimodules over C. 

Let A be an an unital associative C-algebra, endowed with a left action of a 
group G by unital algebra automorphisms. Write A^G for the associated smashed 
product algebra (so A^G ~ A C[G] as vector spaces, with multiplication law 
(a CS) g){a' (8> g') = ag{a') ® gg')- We then have a covariant functor 

(5.10) : ModA#G ^ BiMod(A#GX[G]) 

defined as follows. Let M be a left A#G-module. Then F^{M) as complex vector 
space is the space of functions f : G ^ M. It is viewed as left A#G- module by 

{a-f){g') :^a-f{g'), 

(g-fW) ■■=g-f(.g'g) 

for a £ A, g, g' £ G and / £ F§{M) where, on the right hand side, the dot stands 
for the yl#G-action on M (from now on we leave out the dot from the notations). 
The left C[G]-action on F^{M), commuting with the above A#G-action, is defined 

by 

(a*(5)/)(5') :=/(5-V) 
for / e F^{M) and g,g' G G. If is a morphism of ^T^G-modules then F^j{(f)) is 
set to be (FG(0)/)(5) := </.(/(g)). 

Let M be a left A#G-module. Then we have a linear isomorphism of A^G- 
modules 

(5.11) FSiMr^'^^^M, f^fie), 

where e G G is the identity element (we could as well evaluate / at any other 
element g G G). We will freely use this identification in the remainder of this 
subsection. If M is a (A#G, C[G])-bimodule, then we write M'~^ for the subspace 
of G-invariants in M, with the G-action coming from the action of A^G on M . 

Lemma 5.12. Let A be a unital associative C-algebra endowed with an action of 
a group G by unital algebra automorphisms. Let M be a left A^G-module. 
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(i) We have a linear isomorphism 

Em-.M ^F^iMf 

defined by {'E,Mm){g) g^^m for g E G and m G Af. Furthermore, 
Ell{f) = f{e)forf€FS{Aff. _ 
(ii) For 771 G M and g G G we have :zMigm) = iJ,{g){^MiTi)- In particular, 
■^A/U/G — id if we take the identification (j5.11|) into account. 

Proof. We write S = Sm for the duration of the proof, 
(i) Let m e M and g, g' G G, then 

{g\Em))[g)^g'{{Em){gg')) 

= g^^m 
(Sm)(5r). 

This shows that Sm G F^{M) is G -invariant 

"^(^ 

other hand, if / G F^{M)'^, then for g G G, 

S(S'(/))(g) = .9-i(/(e)) = .9-\9(/(5)) = /(ff), 



Define now S' : F^{M)^ M by = /(e). Note that S' o S = id. On the 



where we used that / is G-invariant in the second equahty. 
(ii) Let m G M and g,g' G G. Then 

(S(gm))(g') = g'-'gm = if,{g)iEm)){g'). 

The last statement of (ii) is obvious. □ 

Since Wq acts by conjugation on the subalgebra U^'^ of C'^%[T]#qW, we have 
an isomorphism 

of algebras, cf. Proposition 15.51 We can thus apply the above constructions with 
A = U^'y the algebra of 9-difFerence operators viewed as a G = Wo-module algebra. 
If TV is a left C^;^[T]#qW^-module, then wc write 

N := F^° (n) 

for the corresponding (C^'y [Tj^gH/, C[W^o])-bimodule. Concretely, N consists of 
the space of functions / : Wo — > N, with actions 

(a/)K) ■.= a{f{w')), 

{wf){w') := w{f{w'w)), 

ifi{w)f){w') -.^fiw-'w') 

for / G TV, a G B^;^ and w, w' G Wq. 

Let L be a left C^;^[r]#,W-module and M a left iJ(fc)-module. Then r^'''(M)v 
is a C^'y [T]#gVK-module via the algebra homomorphism 
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(see Corollary I3.7|) . Hence we can form the corresponding (C^;^[T]#gVF, C[Wo])- 
bimodule r'^£\M)^. On the other hand, we have the left C^'^ [T]#,VF- module 
1"(M)v' 



r-'^(Af)^, with the action again obtained from the algebra map V'^''. The n{Wo)- 



action on L naturally extends to an Wo-action on r'~'^(M)^ (using t'~'^{M) = 

L (g) M as vector spaces, it is the ^(tyo)-action on the first tensor leg). We will use 
the same notation /i for this extended action. With these two actions, r'i^''(M)^ 

becomes a (C^'y [T]#^M^, C[Wo])-bimodule. Using (I3.10p . in particular using that 

V'^'''(D^'y) C D^'y ®c H{k), it follows that the canonical complex linear isomor- 
phism 

rf^f)y ^r|'(M)^ 

is an isomorphism of (C^'^[r]#,VK, C[VKo])-bimodules. We wiU use this isomor- 
phism to identify r^'''(A/)y and t'^'^ (M^^ in the remainder of the text. Lemma 
15. 121 then gives 

Corollary 5.13. Let L be a left C'^'y[T]^qW -module and M a left H{k)-module. 
(i) We have a linear isomorphism 

E : r^''(M)v ^ r|«(M)^'' 

defined by (S/)(u;) := V''-9(ti;-i)/ for w e Wq and f e Tl{M). Further- 
more, E~^{h) = h{e) for h G T^''{M)^° . The map S restricts to a linear 
isomorphism 

r^^'?(M)^<''") ^ r|«(Af)^. 

(ii) For f G r^'«(Af)v and w e Wq we have S(V'='«(w)/) = /i(u;)(S/). In 
particular, S| a,,,, ,ivo = id if we take the identification (jS.llI) into account. 

Proof Apply Lemma [5ll2] to the C^;«,[r]#gH/-module r^'«(A/)v and set S = 
'^r''''(M)v' "^^^^ gives all the results besides the second statement of (i), which 
though follows by a direct computation. □ 



The corollary can be used to formulate nonsymmetric versions of Theorem 14.91 
and of Proposition 15 . lOl We start with the nonsymmetric version of Theorem 14.91 

Corollary 5.14. Let 7 G Tj^'*'. Let L be a left; C';%[T]#gW -module. We have a 
linear isomorphism 

,±:£r^^[^7-^]-=^r^'nM'^^±^^(7));^^^\ 

given by 

Furthermore, L^ '^[wo'y^^ C L is a ^{Wa)-submodule, and, with the identification 
()5.1ip . the map 7727»,±j_^_ij^(n,jj) coincides with the isomorphism 

Lr.±[u^7-^]-^r^'nM'='^'^(7))v 
from Theorem \4-.9[ given by (j) ^ ip^ (see (|4.6p ). 
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Proof. The first statement follows from the chain of isomorphisms 
with the first isomorphism given by 



(of. Theorem 14.9^ . and the second isomorphism given by S ^, which maps / G 
rM(M'=,±,/(^))^ to /(e) G r^'^(Af^.±.^(7))5^''. 

It is clear that '"^[woj"^] C L is a ^(Wo)-submodule. Let w' G and 
G '±[iZ^7-i]. Then 



Thus, with the identification L^^^"' ~ L as C^;^[r]#gVK-modules (see (f5TT|) ). we 

get for (/) G •±[zZy^7-Y*^''^ - -^f'^i^i^T"^], 

'7±(0)- E vr^'"''^(T^w-0'^®^^^'^''(7) = V'^- 

□ 

Similarly we are now going to prove the nonsymmetric version of Proposition 
15.101 and Proposition 15.31 We need the following prepatory lemma. Recall that 
Wo.± = {w±U^Wo C (C^;«7[^]#,W^)^ with w± given by g^. 

Lemma 5.15. Let L be a left C';i'^y[T]#gW -module. 

(a) We have a linear isomorphism 

defined by (S^(^)(w) := w^^cj) for w G Wq and (j) £ L. Furthermore, (sj) ^(/i) = 
/i(e) for h G L^" * . T/ie map restricts to a linear isomorphism 

SpM^'«'±(l^o7"') ^ SpM|'«'±(Wo7-i)^''-±. 

(b) For (j) £ L and w G Wq we have S^{w±(j)) = fi{w){S^(l)). In particular, 
S^|^M-o.± = id if we take the identification ()5.11|) into account. 

Proof. This is a straightforward adjust of the proof of CoroUarv 15.131 The second 
part of (a) uses the fact that the Dj''^'^ (/ G C[r]^'') are Wo,±-equivariant, cf. 
Proposition [531 D 

Theorem 5.16. Let L be a left Cl'^^[T]#qW -module. 

(a) Let 7 G Tf . The Cherednik-Matsuo map ^^'"^'^'^ (see Definition \5.2\) restricts 
to a linear map W^-equivariant (in the sense of (j5.6p ) linear map 
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The map is injective if ^ £ reg (^^^ (|5.2p ). 

(b) Let-1 (^T such that kl^ ^ 7"" ^ 1 for all a e Rq. Then 

Wo-equivariant (in the sense of (I5.6p ] linear isomorphism 



Proo/. Let 7 G T^^' and let 



be the linear map such that the following diagram 



restricts to a 



fh.q,±,I 



is commutative. In view of Proposition 15.101 (applied to the C^'y [r]#gT^-module 
L) it then suffices to show that 

Let G r^'«(M'=^±^^(7));^''"' and write S(<^) = Y^^^^wi <^ vt'^^' il) with G 
L. Then by Corollarv 15.141 and Lemma [5.151 

= (e^;f'^(S0))(e) 

as desired. □ 
Remark 5.17. Cherednik used different methods in ^ to show that C^'''"'' defines 

a linear map : r^'''(M'=(7))^^^''^ -j. SpM^''^'+(Wo7-i). The advantage of 

the present techniques is that they lead to precise conditions on 7 and k to ensure 
that ^'^ is a linear isomorphism. Such properties of the map 7^ C^*-"^ special 
choices of L and q) were also discussed in Thm. 4.3]. It is though not clear to 
the author that the suggested proof of [H Thm. 4.3] (based on classical techniques 
from, e.g., [151 Part I, Section 4.1]) works out in the present g-setup. 

Remark 5.18. The classical analogue of Theorem I5.16l fb^ is due to Matsuo pSl 
Thm. 5.4.1] (in the symmetric (+) case) and Cherednik 3] Thm. 4.7]. The argu- 
ments leading to Theorem 15.161 (b) is motivated by Opdam's [55] §3 ] approach to 
this classical correspondence. It is likely that Theorem 15. 16l fb) can be strenghened 
a bit, in the sense that the genericity conditions fc^v ^7" ^ 1 (a G Rq) can be 
weaked further (so that they match the genericity conditions in [551 Thm. 5.4.1], 
[31 Thm. 4.7] and [551 Cor. 3.12] for the classical correspondence). Note that the 
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sharpened genericity conditions in [28l Cor. 3.12], compared to e.g. the gener- 
icity conditions in [28l Cor. 3.11], are justified by the fact that the analogue of 
SpM^''''''(Wo7~"'^) is known to be of dimension #Wo; such a type of result is not 
known in the present setup, as far as we know. 

Remark 5.19. Using the notations from Subsection 14.31 Theorem 15 . 161 holds true in 
the GLm-case. Here should be taken to be the lattice Z™, the complex torus is 
T = (C^) and Wq = S,n- In the symmetric case (+) the commuting g-difference 
operators d'}''^'+ (/ e C[Tf"^) were obtained for the first time by Ruijsenaars 
|32) . Concretely, for the elementary symmetric functions 6 C[r]'^™ (1 < i < m) 
defined by 



/C{1,...,™} J&I 

#I=i 



we have the explicit expressions 



/C{i m} \ re/ ^ ^ } rel 

#I=i \s^I / 

see, e.g., [3 §1.3.5] and [H]. 

Recall the morphism (|4.15p of C[Ty]-modules, valid for 7 G Tj^^ . Combined 
with Theorem 15. 161 we obtain 

Corollary 5.20. Let 7 G T^^ and let L he a left C^'^^[T]#gW -module. We have 
a commutative diagram of linear maps 

r^'^(M'=(7));^^^^ — r^^nM'=.±.^(7));^^^^ 




SpM^^^^-(W^o7-') 

where the horizontal arrow is the restriction of the map (051) tor^'«(A/'=(7))^^^ >. 
The southwest arrow represents an injective map if ^ d '^ireg (^^^ (|5.2p ). 

5.5. An application. The Cherednik-Matsuo correspondence (Theorem l5.16l) with 
L = A4{T) and < |g| < 1 is instrumental for quantum (noncompact) harmonic 
analysis; the author will discuss this in the forthcoming second part [35] of this 
paper. In this subsection we consider consequences of the Cherednik-Matsuo cor- 
respondence when q = 1] this case actually also deserves much more attention in 
view of the potential applications to spin chains and the Razumov-Stroganov con- 
jectures, see, e.g., [3TJ [301 HH US] . We hope to return to this in more detail in future 
work. 

For / G C[r]'^o we write the q-difference operator g U^'y as 

with 4;J±GC^;'v[r]. 

The proof of the following lemma hinges on the theory of (anti) symmetric Mac- 
donald polynomials (cf. Remark |5^ . Recall the definition (|2.13p of Sj. G T. 
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Lemma 5.21. Let f e C[T]^° . Then 
as identity in C^'y[T]. 

Proof. We use the notations from Remark 15.91 Suppose for the moment that we 
have fixed q and k satisfying the generic conditions as in Remark 15.91 Then it is 
known that, up to a nonzero constant, 

where 1 G C[T] is the constant function one, cf., e.g., [23_, (5.8.10)] for the second 
equahty. Thus for all possible values of q and fc, 

leSpM'^^'+{WoMk^\q)-')'^°^\ 

with L = C';%[T]. Since 

joik-\q)-'^ n k-."^woi6l) 

(independent of q) and 

7pv(fc-\g)-i=g-''^ n fc^v =g-''^<5^, 

we get for all f eC[T]^°, 

^ 4;|^+ = i?J-^-+(l) = /(7o(fc-\9)-^) =/(^t) 

in C^'y[T] (this is valid for all q G C^, in particular for q — 1), as well as 



AGP'" 



;Ut]. □ 

Proposition 5.22. Let L be a left C';%[T]#Wq module. Turn L into aC';-y[T]#iW 
module by letting t(P^) act trivially on L. Suppose that 7 G Tj (see (j5.2p ) anrf 
7 ^ Tyo('5'^). Then t)^\M<^-^-\^)Y^''^^ = {0}. 

Proo/. Suppose that 7 G P/ ^eg ^"^^ 7 ^ VFo(^+)- In view of Theorem 15. 16l fa^ it 
suffices to prove that SpM^'^'^(Wo7~^) = {0}. 

Since L = L^^^ \ the previous lemma shows that 

SpM^^i'±(W^o7-') = W^L\ f{S'l)cl> = /(7-i)0 V/ G C[Tr»}. 
Consequently 

SpMi^^^±(M^o7-^) = ^ ^il^Wo{5i) 
^ ^ ' \{0} if7^W^o(^^), 
hence the result. □ 
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Remark 5.23. Let L be field and a left C^'y[T]#qiy module such that W acts by 
field automorphisms on L. Let M be a finite dimensional _ff(fc)-module over C. 
Then it can be shown that 

(5.13) Dimi.(pv,(r^'«(M);^''''^) <Dimc(M). 

Since the quantum affine KZ equations are holonomic it is natural to expect equal- 
ity in (|5.13p . This is for instance the case if < \q\ < 1 and if L = M{T) 
with the left action of C^'y[T]#giy on M{T) by g-difference reflection operators 
(see [H]). In general equality does not hold true though, as Proposition l5.22l shows. 
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